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CLASSES OF EXTENSIONS AND RESOLUTIONS
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Department of Pure Mathematics, The Unwversity, Liverpool 3

(Communicated by A. G. Walker, F.R.S.—Received 24 February 1961)
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A class of resolutions of objects of an abelian category determines a theory of derived functors if
each morphism between objects extends to a morphism, unique to within homotopies, between
their resolutions. This paper is primarily concerned with resolutions canonically associated with
certain natural classes of extensions (E-functors), and the known examples are constructed by
using pairs of adjoint functors. An inclusion between two E-functors on the same category induces
natural transformations between functors derived from their associated resolutions, and other
relations exist in the form of invariant exact couples. The relations simplify for the special and
frequently occurring class of ‘central’ inclusions of E-functors; in particular the operations of
forming satellites of a functor on the two resolutions commute. Amongst various applications the
general theory provides generalizations of: results on groups of extensions of modules over Dedekind
domains; the Hochschild—Serre spectral sequences in the homology theory of groups; the spectral
sequences for coherent algebraic sheaves that determine Ext by means of vector bundle resolutions
and affine coverings.
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156 M. CG. R. BUTLER AND G. HORROCKS

INTRODUCTION

The ideas of relative homological algebra have been formulated for categories of modules
by Hochschild (1956), and for abstract categories by Heller (1958) and Buchsbaum (1959).
The common feature of these papers is the selection of a class of extensions or, equivalently,
a class of monomorphisms and epimorphisms. In Hochschild’s paper it is the class of
extensions which split over a given subring of the ring of operators (we always assume that
a ring has an indentity and its subrings contain this identity). The class of extensions is
used either to construct resolutions of objects of the category, and so obtain the values of
derived functors as homology objects (functors are assumed to be additive unless it is
otherwise stated), or to construct the relative derived functors of Hom as equivalence
classes of multiple extensions. In this paper we study only relative homological algebras on
an abelian category. Our primary concern is with the relations between the derived
functors constructed from two classes of extensions one of which contains the other, and the
construction of relative homological algebras on an abelian category by means of ideals
in its ring of endomorphisms, or pairs of adjoint functors—not necessarily additive.

In §1, so that the conditions to be satisfied by a class of extensions can be conveniently
expressed, we define E-functors. They are functors of two variables whose values are groups
of extensions, in particular Ext! is an E-functor, and they have a simple relationship with
the h.f. classes of morphisms defined by Buchsbaum (1959). The theory of h.f. classes shows
that an E-functor ® determines a graded ringoid with multiplication the Yoneda product;
the elements of this ringoid are equivalence classes of multiple extensions, the component
of degree zero is Hom, and the component of degree one is ®. If the functor of one variable
O( , M) vanishes, then M is called a ®-injective; ®-projectives are defined dually. The
E-functor © defines a relative homological algebra if there are sufficient ®-injectives or
O-projectives. We usually assume that there are sufficient G-injectives. Then every object
in the category has a resolution by ®-injective objects built up of simple extensions belonging
to ©. The ‘@-injective resolutions’ have the usual lifting property, that is, morphisms of
the objects can be lifted to morphisms of their resolutions that are unique up to homotopy.
Furthermore, if @ is an E-functor contained in ® with sufficient injectives, then the resolu-
tions of § 8 beginning as ®-injective and finishing as ®-injective resolutions also have the
lifting property. To simplify the discussion of their properties we define in § 3 more general
resolutions of an abelian category. They are classes of resolutions which satisfy conditions
ensuring that the lifting property holds for resolutions of objects and normal resolutions
of complexes; in particular the class of injective (projective) resolutions is a resolution of
the category if there are sufficient injectives (projectives). The only other examples that
we can construct are obtained from nests of E-functors.

A resolution K of a category determines three sets of invariant functors of a given functor
T, the K-derived functors, K-satellites, and K-cosatellites and also a sequence of natural
transformations between them, the K-sequence. This sequence has order two and is exact at
the K-satellites and K-cosatellites. It gives the relations between satellites and derived
functors obtained by Cartan & Eilenberg (1956) for projective and injective resolutions,
and the ‘realization technique’ of Zeeman (1957) can be used to show that it captures
all the invariant information in the complexes obtained by applying 7" to K.
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We show in § 5 that a functor 7" and two resolutions K and L, such that every member of
K has a double complex resolution by L, determine an exact couple functor (K, L) 7. In
§ 6 we consider a functor 7" of two variables—not necessarily in the same category—and
compare the functor (K, L) T obtained by regarding 7"as a family of functors in one variable
with exact couple functors obtained by resolving both variables. The theorems obtained in
§ 6 which give conditions for the two types of exact couple to be isomorphic are called
‘shifting theorems’. The results of §§ 5, 6 are applied in §§ 11, 12 to the resolutions associated
with E-functors ® and @ such that ® contains @. The relations between the exact couples
are much simpler when the operations of forming satellites with respect to ® and ® com-
mute; in particular the hypotheses of the shifting theorems are satisfied. In §2 we define
® to be central in @ ifits two products with @ in the ringoid of ® are equal, and in § 10 this
is shown to be necessary and sufficient for the operations of forming satellites to commute.
The exact couples of § 12 give for group theory spectral sequences relating the homology
of a group with its derived functors relative to a subgroup: for a normal subgroup they are
isomorphic to the spectral sequences of Hochschild & Serre (1953). For sheaf theory the
exact couples determine spectral sequences reducing to a pair given in the Séminaire
Chevalley (1958/59) for coherent sheaves over algebraic varieties.

Our only method of obtaining resolutions is described in §§ 13 to 15. We show that a pair
of adjoint functors between two categories, one of which is abelian, determines an E-functor
on the abelian category, and obtain conditions for this E-functor to have sufficient
injectives. This construction is used to obtain two E-functors on a category of sheaves
(8817, 18) and the relative homological algebra of Hochschild (1956) for modules (§ 24).
The results of §15 are also used in § 21 to discuss several concepts of purity of submodules.
Some simple conditions for an E-functor determined by a pair of adjoint functors to be
central in a given E-functor are obtained in § 16, and used in §§ 24, 26 to discuss the ‘ Hoch-
schild E-functors’.

We define the centre of an abelian category in § 19, and use it to construct E-functors in
§§ 19, 22. When the categoryis ‘hereditary’ (that is, Ext? vanishes), some of these E-functors
coincide with E-functors obtained from adjoint functors. The consequent existence theorems
for projectives and injectives obtained in § 20 generalize some results of Nunke (1959) on
Dedekind domains. §23 contains an isolated result generalizing a theorem of Baer’s (1958)
and provides an example of an E-functor on the category of abelian groups without sufficient
projectives or injectives. In §27 we show that two elements of the centre acting as ortho-
gonal idempotents on an E-functor determine direct sum decompositions of its derived
functors, satellites, and cosatellites. This result is applied in § 28 to show that complement
of the p-component of the homology of a finite group is isomorphic to the homology of the
group relative to any Sylow p-subgroup.

1. E-rFuncTORS

In this paper we shall use, for the most part, the terminology of Grothendieck (1957)
for categories. Thus a category € will be a class of objects 4, B, ..., together with a set
Homyg (4, B)—denoted by Hom (4, B) when there is no danger of confusion—of morphisms
& p, ..., for each ordered pair of objects, an associative law of composition of morphisms,
and an identity morphism 1,in each set Hom (4, 4). An abelian category will be a category

21-2
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158 M. C. R. BUTLER AND G. HORROCKS

in which finite direct sums and products are defined; each set Hom (4, B) is an abelian
group, composition of morphisms is bilinear, and a zero object exists; cokernels and kernels
are defined, and any morphism « has.a canonical factorization « = (ima) (coim «), where
@ is an isomorphism, coim« and im « are the coimage and image of a. We shall write ker «
and cokera for the kernel and cokernel of «. Also we shall write Kera and Ima for the
‘sources’ of ker« and im a, and Coker o and Coim « for the ‘targets’ of coker « and coim a.

At first we shall make no assumption about the existence of injectives or projectives.
Instead we shall suppose that Extg (more briefly, Ext”) is defined as by Buchsbaum (1959).
So Ext" (4, B) is a class of equivalence classes of r-fold extensions of 4 by B. The class
Ext” (A4, B) has the algebraic structure of an abelian group, and will be regarded as an
abelian group. It will be convenient to think of Hom together with Ext as forming a graded
ringoid, the multiplication in this ringoid being defined as follows: if x is in Ext” (4, B) and
y is in Exts (B, C) (r,s > 0), then yx is defined to be the Yoneda product of y and «x; if £ is
in Hom (4, B) and y is in Ext* (B, C) (s > 0), then ¢ is defined to be Ext* (§,1,) y; if x is in
Ext” (4, B) (r> 0) and # is in Hom (B, C), then #»« is defined to be Ext" (1,,7); if { is in
Hom (4, B) and 7 is in Hom (B, C), then 7{ is defined by composition of morphisms. The
operation of addition in the ringoid is the addition in Hom and Ext, and will be denoted
by +. It follows from these definitions that multiplication is associative and distributive
over addition. Also we have the operation of forming the direct sum of two elements. This
is always defined for elements of the same degree and we shall denote it by @.

The multiplication in this ringoid gives a convenient method of describing the connecting
homomorphisms in the exact connected sequences of Ext associated with a simple extension
(i.e. short exact sequence) 0 — B — X — 4 — 0. Write x for the class of this simple extension
in Ext! (4, B). Then the connecting homomorphism

dy..: Ext (¥, 4) - Ext*1 (Y, B)

is given by dy . (a) = xa. This definition of 9, , differs in sign from the usual definition of
connecting homomorphisms, but it is more convenient here. Similarly the connecting

homomorphism 0, v Ext (B,Y) > Ext'+1 (4, Y)
is given by 9, y(a) = ax. With these definitions the square

Ext’ (B’, ) - Ext'*! (B, B)
\ \
Extr*1(4’, A) — Ext+2 (4', B),

associated with the given simple extension and a second simple extension
0>A4"+>X -8B -0

is commutative. For the images of an element x of Ext” (B’, 4) are (a'x) a and a'(xa), and
the associative laws show that they coincide.

For each 4, B in € let ®(4, B) be a non-empty subclass of Ext! (4, B). We say that ®
is a natural class of simple extensions (briefly, a natural class) if for any pair of morphisms
«: A" A and f: B— B’ in C, the restriction ®(«,f) of Ext! (, /) to ®(4, B) has values in
®(A4’, B"). We regard a natural class as a functor—not necessarily additive—of two variables,
which is contravariant in the first variable and covariant in the second variable. When
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the values of a natural class are subgroups, we call it an E-functor. Since Ext! is additive,
an E-functor is additive.

Write ®(4, B) for the class of simple extensions representing elements of ®(4, B), and
0 for the union of the ®(4, B). Let ® be an E-functor. Ifxe ®(4, B) and

0>BL X% 450

is a simple extension representing ¥, then the connecting homomorphism 4 , has image
contained in O(Y, B), since dy (1) = x7. So we have the sequence

0 — Hom (Y, B) - Hom (Y, X) -~ Hom (Y, 4) - O(Y, B) - O(Y, X) - O(Y, 4).
By a similar argument we obtain
0 -~ Hom (4,Z) - Hom (X, Z) -~ Hom (B, Z) - O(4,Z) — O(X, Z) — O(B, Z).

The sequences are exact as far as O(Y, B) and O(4, Z), since O is a subgroup of Ext! and
Ext is an exact connected sequence of functors. Also the product of any consecutive pair of
morphisms in each sequence is zero, but it is not in general true that the sequences are
exact at ©(Y, X) and O(X, Z). Ifit is true, we shall call ® a closed E-functor. That is to say
© is closed if it is half exact in both variables on sequences belonging to ®. We shall also
say that O is closed on the right (left) if it is exact in the second (first) variable on sequences
belonging to 6.

Buchsbaum (1959) has shown that an ‘h.f. class of monomorphisms’ determines a closed
E-functor. Conversely it may be shown that the class of monomorphisms determined by
the simple extensions in ® is an h.f. class when O is a closed E-functor. However, to
show how the concepts of E-functor and h.f. class are related it will be more convenient to
give a different—but equivalent—definition. Define an h.f. class to be a class M of mor-
phisms such that:

(a) M contains all zero monomorphisms and epimorphisms;

(b) ifae M and fis equivalent to a (i.e. & = ofir where ¢ and 7 are isomorphisms), then
Be M;

(¢) ae M if and only if ker @ and cokera e M;

(d) if f(«) and aff are monomorphisms (epimorphisms) and af e M, then fe M (e M);

(¢;) ifa, fe M are monomorphisms and af is defined, then af e M;

(ey) if @, fe M are epimorphisms and af is defined, then af e M.

If M satisfies only (a), (b), (c), and (d), we call it an f. class.

Let M be a class of morphisms—not necessarily an f. class. Define ®(4, B) to be the
subset of Ext! (4, B) whose members can be represented by simple extensions

0>B5 X% 40,
where a,f e M. We notice that if M satisfies (a), (c), then both of a, § are in M when one
of them is.
ProposrtioN 1-1. If M is an f. class, then © is a natural class.

Progf. 'To prove that ® is a natural class it is sufficient to show that if xe ®(4, B) and
p,o0e Hom (Y, 4), Hom (B,Z) respectively, then oxpe O(Y,Z). First we show that
xpe O(Y,B). Let the simple extension

0>B3W->Y—>0
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represent xp. By the construction of xp there is a morphism y in Hom (W, X) such that
yo = . Since f is a monomorphism in M and w is a monomorphism, it follows from (d)
that w is in M. So (a) and (¢) imply that xpe ®(Y,B). A dual argument shows that
oxpe OY,Z).

Conversely, let @(4, B) be a subclass of Ext! (4, B) defined for all 4, B. Write ®(4, B)
for the class of simple extensions representing clements of ®(4, B), and @ — U®(4, B).
Define M to be the class of morphisms containing all the epimorphisms and monomorphisms
of all the simple extensions in , and all morphisms whose kernels and cokernels belong to
the simple extensions in @.

ProrosiTION 1-2. If O is a natural class, then M is an f. class.

Proof. Since ®(4,0), ©(0,4) are non-empty, (a) is satisfied. By the construction of M,
(b) and (¢) are satisfied. It remains to be seen that (d) is satisfied. Let f: B — 4 be a mono-
morphism and «: 4 — C be a morphism such that y = af is a monomorphism in M. Then
we have a commutative diagram with exact rows

0>BAA4-D>0
[ e {0
0>-BXC—E-—o,

where ¢ is induced by «, and D, E are Coker f, Coker y respectively. Since y e M, the lower
simple extension is in ®(E, B). But the upper simple extension is induced from it by 4,
and @ is a natural class; so it is in ®(D, B). Hence fe M ,and (d) is satisfied for monomor-
phisms. By duality (d) is satisfied for epimorphisms.

Now we show that the constructions of ® from M, and M from ® are mutually inverse
for f. classes and natural classes. Firstlet ® be a given natural class. Write M for the f. class
constructed from ©, and ®' for the natural class constructed from M. Then a simple exten-
sion is in @’ if and only if its monomorphism is in M. But the monomorphisms of M are
just the monomorphisms of the simple extensions in @. So ® = @', and ® = ©’. Secondly
let M be a given f. class. Write ® for the natural class constructed from M, and M’ for the
f. class constructed from ©. Axioms (@) and (¢) show that M = M’ if they contain the same
monomorphisms. By construction the monomorphisms in M’ are the same as the mono-
morphisms in the simple extensions in @, and the construction of © from M together with
axiom (b) shows that the monomorphisms in M are also the same as the monomorphisms
in the simple extensions in ®. Hence M — M’. So we have shown that there is a one-one
correspondence between f. classes and natural classes. We shall call a morphism that
belongs to the f. class defined by a natural class ® a ®-morphism.

Next we show that an E-functor 0 is closed if and only if the ®-morphisms form an h.f.
class. More precisely we have:

TueoreM 1-1. (i) The natural class © is an E-functor if the O-morphisms satisfy (e,) or (e,).

(ii) The E-functor © is closed on the right if and only if the class of @-morphisms satisfies (e,),
and it is closed on the left if and only if the class of ©-morphisms satisfies (es).

Progf. First we prove (i). Suppose that the ®-morphisms satisfy (¢,), and let x, y be in
®(4, B). Since x-+y is induced from x®y by the codiagonal morphism B@® B — B and the
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diagonal morphism 4 — A® A4, and O is a natural class, it is sufficient to show that x@®y is
in O. Let x and y have representatives

OeBiX—>A—>O, 0>BLY>A4->0.

The monomorphism {in x@yis (@ 1) (1,®7). Left multiplication of 1,® 7 by 0® 1, shows
that 1,®7 is a right factor of 5. So 1,®7 is a ®-monomorphism by axiom (d). Similarly
£@1yis a @-monomorphism. Hence (¢,) shows that { is a ®-monomorphism. By duality
(¢5) also implies that ® is an E-functor. So (i) is proved.

Now we prove (ii). It is sufficient to prove the first statement, the second follows by
duality.

Suppose that the class of ®-morphisms satisfies (¢;). Let

0>BL X% 450

belong to @(4, B), and write x for its image in ®(4, B). To prove that @ is closed on the right
we have to show that, if ye O(Y, X) and ay = 0, then there exists zin ®(Y, B) such that
y = fz. Since Ext! is half-exact, there exists z in Ext! (Y, B) such that y = fz. So we have
a commutative diagram with exact rows

0>BXZ->Y->0
Vet

0>X5% W-—Y-o0,

where the first row represents z and the second represents y. Now £ is a ®-monomorphism
and £ is a ®-monomorphism, since x and y are in (4, B) and O(Y, X). So by (¢)), {fisa
®-monomorphism. But {y = {f, and yisa monomorphism. So (d) shows that y is a ®-mono-
morphism. Hence ze O(Y, B). So ® is closed on the right.
Now suppose that O is closed on the right. Let « in Hom (B, 4) and f in Hom (C, B) be

®-monomorphisms. Put y = af. Then we have a commutative diagram

C=C

VAo v

B35 A% F,

oAy

D2EZXF,
where o’ = coker g, etc., and 0 is the monomorphism induced by «. To prove that y is in M
we need the following lemma which we call the eight-lemma, and whose proof we merely
outline.

EicHT-LEMMA. Let Xe €. By applying Hom (X, ) to the above diagram we obtain two homo-
morphisms of Hom (X, E) into Ext! (X, B), namely
Hom (X, E) - Hom (X, F) = Hom (X, F) - Ext! (X, B),
and Hom (X, E) - Ext! (X, () = Ext! (X,() — Ext! (X, B).

Then these homomorphisms are identical.

If € has enough injectives, this may be proved by taking an injective resolution of the
diagram, and ‘element chasing’ in the corresponding diagram of complexes obtained after
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applying Hom (X, ). If € has enough projectives, we take a projective resolution P of X
and apply Hom (P, ) to the diagram. Again the result follows by element chasing. In the
general case when there are not sufficient injectives or projectives the lemma may be proved
by a direct construction.

To apply the lemma put X = E, and let 4, ¢ be the elements of Ext! (#, B) and Ext! (£, C)
representing the second row and column of the diagram. The connecting homomorphism
Hom (£, F) — Ext! (E, B) is given by £ = af. So the image of 1, under the first homomor-
phism is @d’. Similarly the image of 1, under the second homomorphism is fc. Hence
ad’ = fc. Since ae G(F,B), and 0’e Hom (E, F), it follows that fce O(F, B). Now the
sequence p p
O, C) & O(E,B) & O(F, D)
is exact, for © is closed on the right and 0 — C - B — D — 0 is in ®(C, D). Furthermore
f'fe = 0. Hence there exists ¢’ in O(E, C) such that fc = f¢’, that is f(¢c—¢’) = 0. Since the
sequence p
Hom (E, D) — Ext! (E, C) = Ext! (E, B)
is exact, ¢ —c¢" = by where y € Hom (E, D) and 5 is the representative of 0 -~ C — B - D — 0
in O(D,C). So c—c e O(F,C). But¢' e O(E,C). Hence ¢ is in O(E, C), and consequently
y is a ®-morphism. So the class of @-morphisms satisfies (¢;) and this proves the theorem.

As an application of this theorem we prove a simple result about families of E-functors.

Let ©; (e I) be a family of E-functors. Define their intersection ® by ®(4, B) = N 6,(4, B).
Then ® is an E-functor. iel

Prorposrtion 1-3. If O, are closed E-functors, then @ is a closed E-functor.

Proof. Let M;be the h.f. class corresponding to ),. The axioms for h.f. classes show at once
that N A4 is an h.f. class. So O is closed.

2. THE rRINcOID OF AN E-FuNcTOR

In this section we collect together some simple properties of an E-functor ® which have
been obtained by Buchsbaum (1959) in the general case or by Yoneda (1956) for Ext!.
We also introduce the idea of a central E-functor.

First we recall the definition of ®”. An n-fold ®-extension of 4 by B is an exact sequence
of ©-morphisms 0+>B—=>X0sX—» .. >X"—>A4-0. (%)
Two such extensions & and 7 are said to be similar if there is a complex morphism & — 7
or i - ¥ extending the identity morphisms on 4 and B. Furthermore, ¥ and 7 are said to be
equivalent if there is a sequence of n-fold ®-extensions Z;, (== %), 2, ..., Z, (= §) such that
Z,is similar to Z;,,,. Then ®"(4, B) is defined to be the class of equivalence classes of n-fold
®-extensions of 4 by B. In particular @ = . We do not know that ®”is a set, but here this
is not important. When " is used in § 6 ¢t seq., it will be obtained under hypotheses which
ensure that it is a set.

Buchsbaum (1959) shows that ®” is a functor covariant in the second variable and
contravariant in the first variable, and ®"(4, B) has a natural abelian group structure (the
sum x+y of x,y in ©*(4, B) is the image of their direct sum under the diagonal morphisms
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A+ A®Aand B&B — B). If xe ©?(4, B) and y e ®¢(B, C), their product y - x is the element
of ®¢*4(4, C) represented by the ( - ¢)-fold extension obtained by ‘splicing’ representatives
of y and x at B. This productis bilinear and associative. Ifxisin ®!(4, B) and yisin ®@'(B, C),
then two products are defined, namely yx in Ext? (C, 4) and y-x in ©@%(C, 4), and these two
products must not be confused. In fact yx is the image of y-x under the natural trans-
formation ®2? — Ext? which is not in general an injection.

We shall frequently need the following result which we state without proof:

LemmA 2-1. If O is a closed E-functor, the diagram

0 0 0
\ M \

0>-A—-W->B—->0
\ \ \

0=>Y->M->X—->0
\ \’ N

0D+ Z7Z—->C—->0
¥ \ \
0 0 0

is commutative and exact, and all its morphisms are O-morphisms, then w-x = —y-z, where w is the

class of 0 - A — W — B — 0 in O(B, 4), elc.
Write ®° for Hom, and let 0 - B - X — 4 — 0 be a representative of an element x of
®(4, B). Then we have a sequence of order two,

- 0(Y,B) - 0¥, X) > 0(Y,4) - (Y, B) —,

where the connecting homomorphism mapping O into ®"*! is defined by a - x-a for
n > 0, and & — xa for n = 0. We obtain a similar sequence by interchanging the variables.
When 0 is a closed E-functor both of these sequences are exact.

Let @ be an E-functor such that ® < @, that is ®(4,B) < O®(4, B) for all 4, B in .
Define ®-®(4, B) to be the subclass of ®2(4,B) formed by the products y-x with x in
®(4,C) and y in O(C, B), for some C in €. Then ®- ® is a functor, covariant in the second
variable and contravariant in the first variable, and the inclusion ®-® — ®?2 is a natural
transformation of functors. This implies that ®-®(4, B) is a subgroup of ®%(4, B). For let
u,ve @-O(A,B). Then —u = (—1z) uisin O-D(4,B). Alsoudvisin O-O(4d® 4, B B),
and u+v is induced from z®v by the diagonal and codiagonal morphisms 4 -~ A® A and
B®B — B. Thus u+visin ©-®(4,B). So ®-D(4, B) is a subgroup of ®2(4, B).

Similarly define ®-®(4, B) to be the subclass of ®%(4, B) formed by the products x-y
with x in ®(C, B) and y in O(4, C) for some C in €. Then ®- O is a functor covariant in the
second variable and contravariant in the first variable. As before ®-®(4, B) can be shown
to be a subgroup of ®%(4, B).

We shall say that @ is central in @ if @-0 = @ ®. If @ is central in Ext!, then we shall call
® a central E-functor. We shall see later that pairs of E-functors one of which is central in
the other have very simple properties and occur naturally in the theories of the homology
of a group relative to a subgroup and of the homology of coherent sheaves. In §15 it is
shown that there exist E-functors which are not central in Ext!.

22 Vor. 254. A.
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3. RESOLUTIONS OF CATEGORIES

We follow Cartan & Eilenberg (1956) and use complex to mean cochain complex unless
the contrary is stated. Let X* denote a complex. We write dy (or just d) for its differentiation,
and J” for the component of § in Hom (X», X#*1). We shall say that X* is a right resolution of
Aif X» = 0 for n < 0, Im §* = Ker é"*! for n = 0, and Kerd? ~ 4.

We recall that an object M is said to be injective over a monomorphism « in Hom (4, B)
if each morphism in Hom (4, M) has « as a right factor.

A class K of right resolutions of objects in a category € is called a right resolution of ¢ if:
(i) each object of € has a resolution in K (or, more briefly, a K-resolution); (ii) the zero
resolution ... -~ 0 — 0 — ... belongs to K; (iii) for each pair X*, Y* of K-resolutions, ¥* is
injective over ker 0% and im 0% for all n. Left resolutions of € are defined dually. If € has
enough injectives, the class of injective resolutions forms a right resolution of .

Let K be a right resolution of €. The proof of Prop. 1-1, p. 76, Cartan & Eilenberg (1956)
with only verbal modifications shows that:

ProrpositioN 3-1. If X*, Y* are K-resolutions of A, B and we Hom (A4, B), there exists a
complex morphism o + X* — Y* covering a.. If f* is also a complex morphism of X* into Y* covering
a, there exists a homotopy o: o* ~ f* (that is, a sequence o of morphisms o® in Hom (X», Y1)
such that a® —f* = 8,0+ 0dy).

This property of K-resolutions makes it possible to define derived functors in the usual
way, and satellites and cosatellites in the way suggested by Cartan & Eilenberg (1956,
ex. 1, p. 104). The introduction of cosatellites enables us to relate these three types of
functor by means of a sequence of natural transformations. First we need some more
notation.

Write 4y and ey for the kernel and cokernel of the differentiation dy of a complex X*.
Since 02 = 0, there is a monomorphism ¢y such that 0% = %1% e%. Write X* for Ker 0%
(= Imd), and 7% for g 1e. If X* is a right resolution of 4, then (% is an isomorphism for
n == 0, the zero monomorphisminto 4 for n = 0,and X° = 4. It will be convenient to regard
the sequence {X"} as a complex X* with zero differentiation.

Let X*, Y* be K-resolutions of 4, B, o be a morphism of 4 into B, and a* be a complex
morphism of X* into Y* covering a. Since 7% is an epimorphism for n > 1, o* induces a
unique morphism @*: X* — Y* such that a*u, - 4,@* and 7,a* — @*y,. Suppose that
« is the zero morphism. By proposition 3-1 there exists a homotopy ¢: «* ~ 0. Since

Oxtx = 0 Uy = 0¥y = Oy opy.

But gy is a monomorphism and 8, = u,7,, so
a* =y opy. (3-1)

Now let 7"be a covariant functor on € with values in an abelian category ©. To obtain
the following results for a contravariant functor one dualizes D.

Lemma 3-1. Let X*, Y* be K-resolutions of A, B and a* be a complex morphism of X* into Y*
covering o in Hom (A, B). Then the morphisms

H(TX*) > H(TY*), Ker T(uy) > Ker T(uy) and Coker T(5y) - Coker T(ny)
induced by «* are determined uniquely by o.. (H denotes the operation of forming the homology complex.)
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Proof. Itissufficient to show that ¢* induces zero morphisms when « is the zero morphism.
Suppose then that a is the zero morphism. There is a homotopy ¢: «* ~ 0 by proposition 3-1.
So by a standard result of homology theory a* induces the zero morphism from

H(TX*) - H(TY*).

The morphism of Ker 7(uy) into Ker 7T(uy) induced by «* is also induced by a*. Since
a* = gyouy, and 7' is covariant, the required morphism has 7'(xy) as a right factor. So it
vanishes on Ker 7(uy). Similarly the morphism induced on Coker 77(5y) vanishes. Hence
the lemma is proved.

Let X* and Y* be two K-resolutions of 4, «* be a complex morphism of X* into Y*
covering 1,, and f* a complex morphism of Y* into X* covering 1,. Then f*a* is a complex
morphism of X* into itself covering 1,. Since the identity morphism on X* also covers 1,
lemma 3-1 shows that f*a* induces the identity morphisms on H(7X*), Ker T(uy), and
Coker T'(ny). Similarly «*#* induces the identity morphisms on H(7Y*), Ker T(uy), and
Coker T(ny). So H(TX*), Ker T(uy), and Coker T'(7y) are determined up to isomorphism
by K, T, and A. We denote them by K74, K T4, and K TA. Their components of degree
n are given by

KnTA — H(TX*), RrTA=XKer T(u), KrTA = Coker T(y2).

It follows that they vanish for n < 0, KT = T, and KOT is the kernel of the morphism of
T4 into TX°induced by the augmentation of X*.

Now let X*, Y* be K-resolutions of 4, B. Ifais in Hom (4, B), then there exists a complex
morphism o* of X* into Y* covering «. By lemma 3-1 the induced morphisms of K74,
RTA,and KTAinto KTB, KTB, and K TB respectively are determined by «. Denote them
by KT(a), R T(«), and KT'(«). If B= A and a is the identity on 4, we may choose ¢* to
be the identity of X*. So KT(1,) = 14, etc. If fe Hom (B, C), it is trivial to verify that
KT(f) KT(«) = KT(fa), etc. Hence for each n, K»T, K»T, and KT are covariant functors
from € to . We call them the K-derived functors, K-cosatellites, and K-satellites of T.

If K is the class of injective resolutions of a category € with sufficient injectives, the
K-satellites of T are the right satellites of Cartan & Eilenberg (1956).

Let X* be a K-resolution of an object 4 in €. Then it may be verified that there is a
commutative and exact diagram

0
¥
KTA RTA
bnxl ¥ .
0>ImT(py) >~ TX* —>KTA-—>0 (3-2)
Luxl), lexl
0 Im T'(8y) — Ker T(8y) — KTA4 - 0
¥
0

in which the morphisms are either induced by the morphisms in brackets or are canonical
inclusions or projections. The diagram determines a sequence of morphisms

KTA>RTA-—>KTA - KTA,

22-2
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which we shall denote by 5(4), «(4), and u(A4) respectively. The exactness of the diagram
shows that the sequence is exact, and a calculation of degrees shows that 7(4) has degree 1,
and ¢(4), u(4) have degree 0. If Y* is a K-resolution of an object B in € and o* is a complex
morphism of X* into Y* covering « in Hom (4, B), then we obtain a similar diagram from
Y*. The two diagrams joined by the morphisms induced by «* form a commutative dia-
gram. When B = A4 and « = 1, this shows that 7(4), etc., are independent of the choice of
K-resolution X*, and then the diagram for general 4, B, and « shows that 7, ¢, and x are
natural transformations of functors. So the kernels and images of #, ¢ and x4 are functors.
Since 5y and pxy induce #(4) and u(4), we have y(A4) u(4) = 0. Define the K-excess of T to
be Kern/Im u. The K-excess of T'is a functor and we denote it by EK 7. From the diagram
(3-2), Kerp(4) = Ker T(px)/Im T(0y) and Imu(A) = Im T(uy)/Im T'(0y). Therefore we

have the formula EKTA = Ker T(ny)/Im T(sy). (3-3)

So we have shown that associated with each right resolution K of € and each covariant
functor 7" from € to D there is a sequence of satellites K7, cosatellites R»T, and derived
functors K7, connected by natural transformations of functors 77, ¢*, " such that

0>ROTS TH KT RUT > > K-V 7 Qo7 2 RnT . KnT >

has order two, and is exact at the satellites and cosatellites. This sequence will be called the
K-sequence of T. Also we can prove that a natural transformation of functors w: 7'— U
induces natural transformations of the K-sequences of 7" and U.

Consider now two right resolutions K and L of €. We say that K dominates L, and write
K> L, if for any X* in K and Y* in L the object X" is injective over ker §# and im d%. In
particular the class of injective resolutions—if it exists—dominates all other classes of right
resolutions. By the arguments of Cartan & Eilenberg (1956, p. 76) we may prove:

ProrositioN 3-2. If K dominates L, X* is a K-resolution of A, and Y* is an L-resolution of B,
then any morphism o in Hom (B, A) can be covered by a complex morphism o of Y* into X*, and any
two complex morphisms covering o are homotopic.

Therefore when K > L there are natural transformations of functors

o1 LT KT, %, LTRT, % ,: LT—>KT,

and they determine a natural transformation of the L-sequence of 7" into the K-sequence
of 7" (thatis, they commute with 7, ¢, ). Furthermore, ifw: 7"— U is a natural transforma-
tion of functors, then 7, ;, etc., commute with the extensions of » to derived functors, etc.
We shall call 7 ;, 7y ;, and 7 ;, 7-transformations of functors, and their values in the class of
morphisms of D, 7-morphisms.

4. K-RESOLUTIONS OF COMPLEXES

In the previous section we have considered K-resolutions of objects: in this section we
define K-resolutions of complexes, prove the fundamental existence and invariance theorems
and obtain connected sequences of K-derived functors, K-satellites and K-cosatellites for
special simple extensions. Again most of the proofs are simple modifications of analogous
results of Cartan & Eilenberg (1956) and we shall not give the details.
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Let M** be a double complex with two commuting differentiations §,,,, §,.,, (or just
d5, 0,) of types (1,0), (0,1). Write Z,(M), B,(M), Z;(M), B;(M), and H,(M) for Kerd;,
Im §;, Coker d;, Coim §;, and Ker d;,/Im J;; they are to be regarded as complexes with differ-
entiation induced by d; (j =+ ¢). If M™ = 0 for s < 0, then M together with a monomorphism
of complexes u*: X* - M*0 is called a right complex over X* with augmentation p*. We say
that M** is a right resolution of X* if the complexes M?#*, Zt*(M), etc., are right
resolutions of X?, Z¢(X), etc. If also ker §, and coker §; split, we call M ** a normal resolution
of X*.

Before defining K-resolutions of complexes in general we consider the case of a simple
extension X *; that is, a complex for which Jy is exact and X = 0 for 7 & 0,1,2. We call
a double complex M ** a K-resolution of X* if it is a right complex over X*, M¥ =0
whenever X? = 0, M#* is a K-resolution of X for all 7, and 4, is exact and splits. So a K-
resolution of X * is a normal resolution of X*.

ProrosiTion 4-1. Let K and L be resolutions of € such that K> L. If X* and Y* are simple
extensions admitting, respectively, a K-resolution M** and an L-resolution N** then any complex
morphism a* 1 Y* — X* can be covered by a double complex morphism a** : N** — M** in which
a%% and a®* may be any complex morphisms covering o and o«?. If f** is another double complex
morphism covering a* and a¢ (1 = 0, 2) are homotopies between oi* and [i* (i = 0, 2); then there exists
a homotopy o' between a** and f** such that

N — N —» N2
o, o2, o2,
MOP-1 _s Af16-1 s pAf2bp-1
commutes.

Proof. The proof is the same as the proof of Prop. V, 2:3 of Cartan & Eilenberg (1956)
with only verbal changes, for that proof depends only on the normality of the complexes,
the solubility of equations (4) for y,, and the equations on p. 82 for f,. The conditions
of injectivity in the definition of the relation K> L ensure that the equations are
soluble.

As a first application of this result we obtain a connected sequence of K-derived functors
for any simple extension admitting a K-resolution. Let M ** be a K-resolution of a simple
extension X *. Since M ** is normal, the columns of 7TM ** are exact, and we have an
exact cohomology sequence for a covariant functor 7,

0+ K°TX? - KOTX! - KOTX?2 > K'TX0—, etc.

By proposition 4-1 the connecting morphisms are independent of the choice of K-resolution
M**, Furthermore, if K dominates L, the simple extension Y* admits an L-resolution,
and a* is a complex morphism of ¥ * into X*, then proposition 4-1 shows that the square

LTY? » LTYO
7x,0(a?) | J 7, 2(a0)
KTX?2 > KTXO
is commutative.

We next describe briefly how connecting morphisms for the satellites and cosatellites
can be constructed. The proofs are omitted since these morphisms are not referred to again.
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Let M ** be a K-resolution of a simple extension X *. Write ¢ for the differentiation §* of
M**, Factorizing the rows of M ** as in § 3 gives a commutative diagram

Mo* £ Ao % {0
) 80y 70y

M B A B jpi
™ oty my

M2x 2 ppe T 2w

in which: § induces 7¢; 7%, §° are monomorphisms; 7!, §! are epimorphisms; the columns
are exact; and 9, 8! split. Let ¢° and ¢! be left and right inverses of §° and 4%, respectively,
such that 0%°-+$141 is the identity of A/1*. Put ¢ = ¢%! and f == p'@!. It is easy to verify
that there is a morphism y of M?* into M°* such that 7% = —yn' and fu? = 7%. Then the
connecting morphisms

d: RTX? > RTX° and 9: KTX?2->KTX°

are induced by —7 and y. These connecting morphisms have the usual properties of
uniqueness and naturality; their associated connected sequence has order two, but it need
not be exact. We can also show that «f induces the connecting morphism for derived
functors. Finally, the connecting morphisms relate the K-sequences of 7X2 and 7X° in

the diagram KTX? > RTX? > KTX? > KTX?
v y Y '
KTX°—+RTX0—>KTX0—> KTX,

in which the end squares are commutative and the centre square is anticommutative.

We now return to the question of defining K-resolutions of complexes. The double
complex M ** is called a K-resolution of X * if it is a right complex over X *; M#*, Z8* (M),
Zp% (M), B¥* (M), B* (M), and Hf* (M) are K-resolutions of X?, Z#(X), Z'?(X), B¢(X),
B't(X), and H?(X); M?#*, etc., are zero whenever X?, etc., are zero; kerd; and cokerd,
split. So M ** is a K-resolution of X* if and only if the complexes

0 — B¥*(M) — Zb* (M) — Hi* (M) -0, 0->ZI*(M) — Mt* — BiP*(M) — 0,
and their duals are K-resolutions of
0 — B(X)—Zt(X) > H!X) >0, 0->ZX)—>Xt—B?X)—0,
and their duals. The fundamental property of K-resolutions is:

ProvosiTioN 4-2. If K and L are resolutions of © such that K > L, and X* and Y * are complexes
admitting respectively a K-resolution M** and an L-resolution N**, then any complex morphism
w* V¥ = X* can be covered by a double complex morphism a** : N** — M** and any two double
complex morphisms covering o* are homotopic.

Proof. The proof of this proposition is similar to the proof of the last part of Prop. 1-2,
p. 365, Cartan & Eilenberg (1956). Since that proof depends only on Prop. 1-2, p. 77 and
Prop. 2-3, p. 80, and we have analogues of these prop0s1t10ns (Prop. 3-2, Prop. 4-1) we need
only make changes in wording.
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Finally we give conditions on a complex for the existence of a K-resolution. A simple
extension X* is said to admit enough K-resolutions if: (i) given any K-resolutions of X°, X2,
there is a K-resolution M ** of X * in which M %%, M 2* are the given K-resolutions of X0 X?2;
(ii) whenever M ** is a normal resolution of X* and M%*, AM?* are K-resolutions of X0,
X2, then M* is a K-resolution of X!.

ProvposiTioN 4-3. If X* 15 a complex and all the simple extensions
0> B#X)—Zt(X) > Ht(X)—>0, 0—>Z/X)—>Xt—>DB?X)—=>0

and their duals admit enough K-resolutions, then X* admits a K-resolution.
Proof. The proof is essentially the proof of the first part of Prop. 1-2, p. 365 of Cartan &
Eilenberg (1956). First choose K-resolutions of B#(X) and H?(X) for all p. Then

0—>Bt(X)—>ZtX)—> HX)—>0

has a K-resolution containing the given K-resolutions. Since B'?(X) ~ B#*!(X), we have
a K-resolution of B'?(X), and we have also constructed a K-resolution of Z?(X). So there
exists a K-resolution of 0 — Z#(X) - X? — B'?(X) — 0 containing these two resolutions.
Let M?* be the resolution of X? determined by this resolution. Then the set of complexes
{M?*} becomes a double complex M ** with 4§, defined by the differentiations on the
complexes M?*, and 9§, defined as the product of the morphisms which cover

Xt s BP(X) ~ Bt (X) — Z0+1(X) - Xt+1,

To verify that it is a K-resolution it is sufficient to show that it is normal, and that M?*,
Z,(M?*), etc., are K-resolutions of X?, Z(X?), etc. Since §, is defined as the product of an
epimorphism and two monomorphisms which split, it follows that ker d, and coker 4, split.
So M ** is a normal resolution. By the constructionitisimmediate that all of M?* Z, (M?*),
etc., except possible Z{(M#*), are K-resolutions. Now

0 — H,(M?*) — Z;(M?*) — Bj(M?*) -0

is a normal resolution of 0 - H?(X) - Z'#(X) — B'*(X) — 0, since M ** is normal, and
H,(M?*), B'(M#**) are K-resolutions. So Z{(M#*) is a K-resolution.

5. AN EXACT COUPLE RELATING RESOLUTIONS OF CATEGORIES

First we recall the homology theory of filtered complexes of which full accounts are
given by Cartan & Eilenberg (1956), Massey (1952), and Zeeman (1957).

A filtered €-complex {F, W} is an object W of €, afamily of subobjects F#(IW), indexed
by the integers, such that Fo(W) o> Fo+rY(W), Fo(W) = W(p < 0), and a differentiation
d such that dF*(W) <= F#(W). If also W is graded, we shall assume that the filtration is
compatible with the gradation and d is homogeneous of degree 1. We shall make the
convention that /(W) is the zero object, and write F? for F#(IW). Let H be the operation
of forming the homology object with respect to d. Then the rth exact couple of {F, W} is
an exact sequence “ p2 o7 )
= Ct1 2 O 2 EP T O (1= 1),

where: € = Im[H(F?) > H(Ft=+Y)], Ef = Im[H(Ft|Ft+r) - H(Fr=r+1]Fr+1)]
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(these morphisms being induced by the inclusion F? < Fp=7+1); 4t  jb are induced by in-
clusions, and ¢¢ by d. The exact sequences may be recorded in the form

c % C

r ro

N4
67\ L/ﬁr
E

r

where £, C, are the graded objects with components £, C2, and «,, f,, §, have components
ab, ff, 0L. The morphism d, = /.4, is the differentiation of £, induced by d, and £,  ; = H(E,).
The sequence of complexes (£, d,) is the spectral sequence of {¥, W}. Itis shown by Massey
(1952) that the (r41)th exact couple can be constructed from the 7th exact couple. In
particular C#+1 is Ima?, and a2, is the restriction of a#~! to C11.

Let K and L be right resolutions of & such that every K-resolution has an L-resolution.
Let A € €. Then 4 has a K-resolution X *, and X * has an L-resolution M **. By propositions
3:1 and 4:2 M ** is invariant up to homotopy. We shall construct an invariant exact couple
associated with TM**, where 7 is a covariant functor on ¢ with values in an abelian
category D.

We use the notation of § 4 and write ¢ for the total differentiation on M ** given by

004 = §ha - (—1)P 084,
Let F,, F, be the two filtrations on 7'M ** given by
Fo(TM**) =3 5 TM9, Fy(TM**)=3 % TM?i.
izp j i j=p
Write d,, d,, and d for 79, T9,, and 79. Regard 7'M ** as a complex with differentiation
d and graded by the total degree. Then we have two filtered graded D-complexes
(F,, TM**}, {F,, TM**}.

First we shall prove that the spectral sequence of {F,, TM **} collapses to LT'4. The
E,-term is obtained by first taking the homology with respect to d;, and then with respect
to the morphism induced by d;. Since 9§, splits, H,(TM**) = TH,(M**). But H,(M**)
is by definition an L-resolution of H(X*), and H(X*) is a graded object whose only non-
zero component is 4 in degree zero. Thus H,(#°*) is an L-resolution of 4, and H,(M*)
is an L-resolution of the zero object for 7 4 0. So the homology of TH, (M **) with respect
to the morphism induced by d, is LTA, where 4 is regarded as a graded object whose only
non-zero component is 4 with degree zero. Thus the spectral sequence collapses and its
limit is L7T'A. Hence the total homology of the complex TM ** is LTA.

In the remainder of this section we shall study the exact couple associated with
{F,, TM**}. Since M*#* is determined by 4 up to homotopy the second exact couple of
{F,, TM**} and its derived exact couples are determined by K, L, T, and 4. We shall
denote this sequence of exact couples by (K, L) TA. Propositions 3-1 and 4-2 show that a
morphism « of 4 into B can be covered by a morphism a** of M** into an L-resolution
N##* of a K-resolution Y ** of B, and «** is determined up to homotopy. Write (K, L) T'(«)
for the morphism of (K, L) T4 into (K, L) TB determined by a**. Then it can be verified
that (K, L) T'is a covariant functor. We call it the (K, L)-exact couple of T. Let K’ and L’ be
right resolutions of € dominating K and L respectively, and such that every K'-resolution
has an L’-resolution. If Y’'* is a K'-resolution of B and N'** is an L'-resolution of ¥Y'*,
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then a can be covered by a morphism of M ** into N'** and such morphisms are deter-
mined up to homotopy. Thus we have determined a transformation (K, L) T — (K',L") T,
and it may be verified that this is a natural transformation of functors. We shall call it the
7-transformation of (K, L) T"into (K',L") T.

Now we calculate the E,-terms of (K, L) T'A. They are obtained by taking the homology
of TM** with respect to d,, and then with respect to the morphism induced by 4,. Since
M?b* js an L-resolution of X?, H4¢(TM**) is L1TX?. The morphism §8* is a morphism of
M?P* into M#*1* covering dy. So d, induces L7T(dy) on the complex L¢TX*. Hence the
homology with respect to this morphism is K#L27T°4, since X* is a K-resolution of 4. We
have already seen that the total homology of T'M ** is LT A, so we have proved:

TueoreM 5-1. If K and L are right resolutions of & such that every K-resolution has an L-resolution
and T is a covariant functor on € with values in an abelian category, the (K, L)-exact couple of T
determines a spectral sequence KoLaT = [»T.

b
Next we calculate the Cy-terms of (K, L) T. We shall denote them by C,, or by C,(K, L) T'

when it is necessary to be more explicit. By definition
C A = Im [H? (F TM**) — Hta(F2-1TM)],
where H is the operation of taking homology with respect to d and the morphism is induced
by inclusion. To calculate €474 we need:
LemmA 5-1. Let N** be a double complex with N = 0 if 1 or j < 0, and differentiations d,, d,
of degrees (1,0) and (0, 1) respectively. If the columns N*7 of N are acyclic, then for p > 0 there is
a commutative diagram Hpa(F N*%) HY(Ker dt*)

ad A
Hb+a(F2-1 N**) = H§+1(Ker dt-1%)

I

I

where: « s induced by inclusion; f is the connecting morphism determined by the exact sequence of com-
plexes 0 — Ker dd=1% — Nbt-1% > Kerdt* — 0; H and H, are the operations of taking homology
with respect to d, and the restriction of d, to Ker db*.

Proof. Consider the complex NjF* of N** defined by N§ = N¥ (i = p), Nj =0 (i <p).
Since the columns of N** are acyclic so are those of Njf*. Hence the spectral sequence
associated with {F,, N}*} collapses, and we have

H(N}*) ~ Hy(Kerdf*).

Now we consider the subcomplex J** of N** with two non-zero rows N?~1* and Ker #2*.
Its columns are acyclic since N#~1* — Kerd{* is an epimorphism. So the preceding argu-
ment applied to J** instead of N* shows that

H(J**) ~ H,(Kerdf=1%).
So we have an isomorphism H(J**) ~ H(N}¥) induced by the inclusion J** < N,
The diagram Ker d{;* N Nj;k*
\ ¥

* % ok
J - N,

23 Vor. 254, A.
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172 M. C. R. BUTLER AND G. HORROCKS

with morphisms induced by inclusions, is commutative. So by taking the homology with
respect to d, and noticing that d, and 4 induce the same morphism on Ker ##*, we have a
commutative diagram H,(Ker df*) ~ H(N#*).
\ ¥
H(J**) =~ H(N}).
From Cartan & Eilenberg (1956, p. 332, case 3) the morphism
H,(Kerdt*) -~ H(J**) ~ H,(Kerdf~-1%)

is the connecting morphism in the exact homology sequence associated with the exact
sequence of complexes 0 - Kerd{~1* — N#-1* — Kerd/* — 0. Since

HP(FEN**) = HP9(Np¥),
the lemma follows.
Suppose thatp > 0 and apply the lemma to the preceding formula for C4¢ 4. Then we have

C8e 4 = Im [HY(Ker do*) > Hy+!(Ker do~1%)],

where the morphism is the connecting morphism associated with the exact homology
sequence of 0 — Kerdf-1* - TM+~1* - Kerdf* - 0. So from the exact homology

sequence C41 A = Coker [ HY( TM?=1%) - Hy(Kerdt*)],
where the morphism is induced by d¢-1*. Since d, splits and d, = 77(d,), this is
(%14 = Coker [HY(TM?~1*) ~ HY(T Ker §*)].

But M#-1* and Kerd/* are L-resolutions of X?~! and Kerd%4. So HY(TM?r~1*) and
Hy(T'Ker 0¢*) are LeTX?! and L¢T Ker ¢%. Thus

Ch2 4 = Coker L2T(coim 6471).
But X* is a K-resolution of 4. So we have proved that
Cte = KPLaT (p>0).
For p < 0, FE(TM**) = TM**. So
Ch A = HPHa(TM**) = Lt+eTA  (p<0).
We summarize these results in:

TueoREM 5:2. The Cti-term of the (K, L)-exact couple of T is K*LaT for p > 0, and Lt*T
Jor p < 0.

Theorems 5-1 and 5-2 show that the first of the (K, L)-exact couples of 7" consists of
sequences of natural transformations

s Ko+ La VT 5 KPLaT —» KoLaT — Kb+2[a-1T

defined for each positive integer g. We denote the successive natural transformations by
ok, 57 and 044, First we use the natural transformation a, to obtain a formula for the filtra-
tion of L*T" determined by the (K, L)-exact couple. By definition C} is the image of Ci_,
in i~} under «iZ}. So C?is the image of (4 in C4~"*2under af "2 ... a4~2¢4~1. By definition
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we have:

ProrosiTION 5:1.  The component of LT with filtration p in the filtration determined by the
(K, L)-exact couple is the image of KPL»=2T in L* T under aQbalt ... ab 11,

We shall determine the transformation «, in a special case in §11. We conclude this
section by determining f,. By the definition of f4? the diagram

Hp+a(Fp TM*%) — K#LaTA
Y ypp
Hp+a(Fb TM** [Fb+1 TM**) > KpL1TA,

where the left-hand morphism is induced by the canonical epimorphism and the rows are
the defining epimorphisms for C47 4, E8? 4, is commutative. By lemma 5-1 H?+2(F? TM **)
is H{(Ker d?*). So the left-hand morphism is the morphism

Hi(Kerdt*) — HY( TM?b*)
induced by ker @¢* ; and this is just the morphism
LiTKer 04 — LaTX?
induced by ker 0%4. So we have proved:

ProrosiTiON 5:2. The transformation 44 : KbLaT — KbLaT is the natural transformation
Jfrom the K-satellite to the K-derived functor.

6. SHIFTING THEOREMS FOR FUNGTORS OF TWO VARIABLES

Let € and €' be abelian categories and 7" be a covariant functor from € x ¢’ into an
abelian category D. In later applications 7" will be Hom¢ and € will be the dual of ¢,
or T'will be a tensor product. Further let K and K’ be right resolutions of € and €'. Then we
write KT, KT and KT for the K-derived functors, K-satellites and K-cosatellites of 7°
obtained by regarding 7 as a class of functors defined on € and indexed by €’. Similarly
K'T, K'T and K'T are obtained by regarding T as a class of functors defined on €' and
indexed by €.

Let X* be a K-resolution of 4, and X'* be a K '-resolution of 4’. Then the double complex
T(X*,X"*) is determined up to homotopy. Regard T(X*, X'*) as a complex graded by
the total degree and with differentiation the total differentiation. Let F|, F, be the filtra-
tions given by

FTX*X*) =3 3ST(X,X7), FHTX*X*) => > T(X,X").

i>p j i j=p
Since T(X*, X'*) is determined up to homotopy the second exact couple obtained from
F,, and its derived exact couples are invariant. Denote this sequence of exact couples by
(K% K') T(A4, A"). Similarly F, determines a sequence of exact couples which we denote by
(K'« K) T(4,A"). It can be verified that (K% K') T(4,4") and (K'« K) T(A4,A4’) are the
values of functors (K% K') 7" and (K'% K) 7 on € x¢'. In particular the total homology
of T(X*, X'*) is given by a functor from € x €’ to ©. We shall denote it by both (K x K") T’
and (K'xK) T.

23-2
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174 M. C. R. BUTLER AND G. HORROCKS
The augmentations of the single complexes X* and X'* determine natural transforma-
tions K'T > (KxK'YT<KT. (6:1)

A theorem which gives criteria for these transformations to determine isomorphisms will
be called a shifting theorem. More generally we shall apply this term to any theorem that
enables us to replace m-fold and n-fold resolutions in € and €’ by (m—1)-fold and (n-+1)-
fold resolutions in € and €’. Such a theorem will be obtained by embedding the relevant
complexes in an (m+n)-fold complex.

We shall need to know the Fy-terms of (K% K’) T They are obtained by taking first the
homology with respect to the differentiation induced by dy.,, and then with respect to the
differentiation induced by dy. So the Ff¢-term is K?K'¢T), that is the K¢-derived functor of
K'¢T. Thus we have shown that there is a spectral functor

KtK'aT= (KxK')" T (6-2)
¥4

defined for each covariant functor 7" on € x€'. Similarly we obtain from (K'# K) T a

spectral functor K"KeT= (KxK')n T, (62)
b

The morphism K7T(4,4") - (KxK") T'(4, A’) obtained from (6-1) can be factorized as
KT(4,4") - KK°T(4,4") - (KxK') T(4,4"),

where the first morphism is the morphism obtained from the canonical transformation
T — K'°T, and the second is an edge transformation of (6-2). The edge morphisms of a
spectral sequence are isomorphisms if the spectral sequence collapses. So we have proved
the first shifting theorem:

ProrosiTion 6-1. If KT(A4,4") -~ KK'°T(A,A") and K'T(4,4") - K'K°T(A4,4") are

isomorphisms, and KPK'1T (A, A") and K'?K¢T (A, A") vanish for ¢ > 0, then the morphisms
K'T(4,4") - (KxK') T(4,4") < KT(4,4")
are isomorphisms.

Let L be a resolution of € such that every K-resolution has an L-resolution. Define the
(K, L)-exact couple of T"to be the functor (K, L) 7" given by regarding 7 as a class of functors
on € indexed by the objects of €. Then a shifting theorem for (K, L) 7" replaces a double
complex in € by a pair of single complexes one in € and the other in €’. So we have two
kinds of shifting theorems: the first kind replaces L-resolutions by K’-resolutions and gives
criteria for (K, L) T'and (K K') T to be isomorphic; the second kind replaces K-resolutions
by K'-resolutions and gives criteria for (K, L) T'and (K’ L) T to be isomorphic.

Let X* be a K-resolution of A, M ** be an L-resolution of X*, and X'* a K'-resolution
of A’. Then the augmentations 4" — X'* and X* — M** induce morphisms

T(M**, A') - T(M**, X'*) < T(X*, X'%) (6:3)

which commute with the differentiations. To obtain the shifting theorems we shall give the
triple complex T(M**, X’*) two different double complex structures. Write W *** for
the triple complex T (M **, X'*) and d,, d,, d for its differentiations; thus

Wik = T(M9, X)), dy= Ty, 1), dy= T(0yy5,1), dy= T(1,4dy).
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Let P** be the double complex with components P and differentiations dp,, dp, given by
Prs — z erk,
Jtk=s
Fi= 3 dph dp= 3 (df (1) dgh).
Jjtk=s Jtk=s

Then the morphisms (6-3) induce double complex morphisms
T(M** A" - P** « T(X* X"*). (6-4)

Since the triple complex W *** is determined up to homotopy so is P**. Hence the second
exact couple obtained from the filtration on P** given by the first index is determined by
4 and A4’. Denote this exact couple and its derived exact couples by (K, Lx K’) T(4,4’).
It is easily verified that this is the value for the argument 4 x 4’ of a functor (K,LxK') T
defined on € x €'. Then (6-4) yield natural transformations of exact couple functors

(K,L) T— (K,LxK') T« (K+K") T. (6:5)

Next we obtain the E,-terms of (K, L x K) T. They are calculated by taking the homology
of P** first with respect to 0, and then with respect to the morphism induced by §,,. The
complex P* is obtained from the double complex 7'(AM"*, X'*) by grading with the total
degree and taking the total differentiation as differentiation. The homology of P* is
(LxK") T(X",A"), since M™* and X'* are respectively an L-resolution of X" and a K'-
resolution of 4’. Since §p; may be identified with the morphism §,,, which covers dy, the
morphism induced by 8, on (L x K') T(X*,A")is (L x K') T(dy,1). Since X * is a K-resolu-
tion of A, the homology is K(LxK') T(A4,A4’). Thus the Ef?-term of (K,LxK') T is
KP(LxK')T.

Since the transformations (6+5) are induced by the augmentations of X'* and M**_ it
follows that the transformations of the E£¢-terms are induced by the canonical transforma-
tions of LT and K’ T into (L x K') T So we have proved:

ProrosiTiON 6:2. The Ef9-term of (K, Lx K') T is K¢(L x K')? T, and the restrictions
KPLiT — KP(Lx K')? T < KtK'1T
of (6:5) to the E4%-terms are induced by the canonical transformations

LT > (Lx K" T < KaT.

Now let @** be the double complex with components Q" and differentiations d,;, dy,
given by Qs = S Wisk,
it+k=r

0 = 3 (dh(~1)fd), o= 3 di,

i+tk=r itk=r

Write Y* for H)*(M), i.e. Y9 = Kerd%, and Y* has differentiation induced by 0,-
Then the augmentations 4" — X'*, and Y * — M ** give morphisms of double complexes

T(M**, A') - Q** < T(T*, X'*).

The complex @** is determined up to homotopy, and by the usual arguments we can prove
that the second exact couple and its derived exact couples associated with the filtration
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on Q** defined by the first index gives a covariant functor on € x¢’. Denote it by
(KxK',L) T. Then (6-3) gives morphisms of exact couples

(K,L) T (KxK',L) T~ (K's L) T. (6-6)

The E,-terms of (K x K’, L) T are obtained by taking the homology of @** with respect
to dy, and then with respect to the morphism induced by dy,. The homology of Q"* with
respect to dg,is > LT(X?, X'¥), since M**isan L-resolution of X?. The morphism dy, induces

it+k=r
the total differentiation of L7 (X*, X'*). So the homology with respect to the morphism
induced by d,,is (K x K') LT(4, A"), for X* is a K-resolution of 4 and X"* is a K'-resolution
of A’. Hence the Ef%term of (Kx K',L) T'is (Kx K")? L4T.

Since the transformations (6-6) are induced by the augmentations of X’ and M ** it
follows that the transformations of the E£¢-terms are induced by the canonical transforma-
tions of K7 and K'T into (K x K') T. So we have proved:

ProvrosrTioN 6:3. The Efd-term of (K x K', L) T 1s (K x K')? L2T and the restrictions
KPLaT - (Kx K" L1T < K'*L1T

of (6:6) to the Ebd-terms are the canonical transformations (6-1) with T replaced by L1T.
In order to deduce shifting theorems from propositions 6:2 and 6-3 we need a criterion
for a morphism of exact couples to be an isomorphism:

LemmA 6-1. Let {Ct9, E£9} and {D29, F£9} be the exact couples associated with the filtrations on
the first indices of double complexes Y ** and Z**, respectively. If YP4 = Zt2 = 0 for p,q < 0, then
a complex morphism f of Y ** into Z** determines isomorphisms of {C%, E£4} on to {D%e, F£4} for
r = 2 if it determines isomorphisms of E, into F,.

Proof. Since C, (r > 2) is a functor of C, it is sufficient to show that f determines an
isomorphism on C,. Since finduces an isomorphism of E, onto F, it induces an isomorphism
of the spectral sequences, in particular an isomorphism of C$? (the total homology of ¥ **)

onto DY (the total homology of Z**). Suppose that the induced morphisms of C47 into D4¢
are isomorphisms for p < n. Then the five-lemma applied to

Cp=29+1 — Fr=2.0%1 » Cna — Cp~1.4 — Fp-1,¢
\ \ \ \ \

Dy2.041 5 Fy=2.0%1 > Dyt D114 > Fy-lsa

shows that the morphism of C% into D3¢ is an isomorphism. So the lemma follows by induc-
tion on 7.

Write |K| for the class of objects that are components of K-resolutions. Then the first
shifting theorem for (K, L) T is:

TueoreMm 6-1. The exact couples (K,L) T and (K% K') T are isomorphic if the canonical
morphisms LT(4,4") — (Lx K') T(4, 4") < K'T(4, 4')
are isomorphisms for A in |K|.
Proof. By the hypothesis the transformations
KLT - K(LxK')T< KK'T
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are isomorphisms. Hence (6-5), proposition 6-2, and lemma 6-1 show that (K, L) 7" and
(K% K') T are isomorphic.

CoroLrrAarY. If the canonical morphisms
LT(4,4") > LK'°T(4,4"), K'T(4,4") - K'L°T(4,4")
are isomorphisms for A in |K|, and LPK'1T(A,A4"), K'"?L1T(A4, A") vanish for ¢ > 0 and 4 in |K|,
then (K, L) T and (K% K') T are isomorphic.

Proof. Proposition 6-1 shows that the conditions of the theorem are satisfied.
The second shifting theorem is:

THEOREM 6-2. The exact couples (K,L) T and (K'x L) T are isomorphic if the canonical
transformations K'LT > (KxK')LT < KLT

are isomorphisms.

Proof. 1t follows from (6-6), proposition 6-3, and lemma 6-1 that (K, L) 7'and (K'% L) T

are isomorphic.
CoRroLLARY. If the canonical transformations
K'LT—-K'K°LT, KLT—- KK'°LT

are isomorphisms, and K¢K''LT, K'"?K¢LT vanish for ¢ > 0, then (K,L) T and (K'% L) T are
isomorphic.

Progf. By proposition 6-1 the condition of the theorem is satisfied, so the corollary follows.

7. A CLASS OF RESOLUTIONS DEFINED BY AN E-FUNCTOR

Most of the results of this section have been obtained implicitly by Buchsbaum (1959)
or explicitly by Heller (1958). The construction of the resolutions requires the existence of
enough objects to act as ‘injectives’ relative to the E-functor. First we shall obtain some
simple facts about such objects, and then prove an existence theorem for resolutions of
complexes.

Let O be an E-functor on an abelian category €. An object M of € is said to be ®-injective
if for each simple extension 4* in ® the sequence Hom (4*, M) is exact. In the terminology
of § 3 this means that M is injective over all ®-monomorphisms. When @ is Ext!, we abbre-
viate @-injective to injective. It can be verified in the usual way that the direct product of
a set of objects is ®-injective if and only if the factors are ®-injective.

ProposiTION 7-1. An object M of € is O-injective iof and only if O(X, M) = 0 for each X in §.

Proof. If M is O-injective and 0 M — A - X — 0 represents an element x of @(X, M),
then Hom (4, M) - Hom (M, M) is an epimorphism. So M — A has a left inverse.
Hence ¥ = 0, and ®(X, M) = 0. ‘

Conversely suppose @(X, M) = 0 for each Xin €, and let X* € &. Since

0 -~ Hom (X%, M) -~ Hom (X!, M) - Hom (X°, M) - O(X?, M)

is exact, Hom (X*, M) is exact. So M is ®-injective.
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A simple ®-extension 0 -~ 4 — M — B — 0 will be called a ®-injective representation of
A if M is O-injective. If each object of € has a ®-injective representation, we shall say that
€ has sufficient O-injectives, or that O has sufficient injectives. In this paper we are mainly con-
cerned with E-functors for which there exist sufficient injectives (or projectives). The next
theorem shows that in this case we can restrict ourselves to closed E-functors (in §23 we
construct a closed E-functor without sufficient projectives or injectives on the category of
abelian groups).

TurorEM 7-1. If © is an E-functor on € with sufficient injectives, then @ is closed.

Proof. By theorem 1-1, to show that @ is right-closed it is sufficient to show that fu is a
®-morphism if , f are both ®-monomorphisms. Let « in Hom (4, B) and £ in Hom (B, C)
be ®-monomorphisms, and # be a ®-monomorphism of 4 into a @-injective M. Then there
exist morphisms p, o such that pa = p, and ¢f = p. Hence fa = y. Now g is a ®-mono-
morphism and fz is a monomorphism, so fo is a ®-monomorphism by axiom (d) for f.
classes.

Lastly we show that @ is left-closed. Let X* be an element of ®, and X e €. Choose a
®-injective representation 0+ X — M — Y — 0 of X. Since ®( ,M) = 0 we have a
commutative diagram

0— Hom (X2, M) - Hom (X', M) - Hom (X°, M) — 0

¥ ¥ \

0— Hom (X% Y) - Hom (X, Y) -~ Hom (X% Y) —
\ \ \

- OX%4X) - OUXLX) - 0OWX%X) -
\ \ ¥
0 0 0

in which the columns and first two rows are exact. The exactness of the bottom row is a
consequence of these facts.

Later we shall need the following criterion—due to Heller (1958)—for a simple extension
to be in @,

ProrosITION 7+2. If © has sufficient O-injectives, then a simple extension X * is in © if and only
if Hom (X*, M) is exact for all ®-injectives M.

Proof. By the definition of ®-injectives Hom (X *, M) is exact when M is a ®-injective
and X *isin ®. Conversely suppose that Hom (X *, M) is exact whenever M is a ®-injective.
Let #be a ®-monomorphism of X?into a ®-injective M. Then the exactness of Hom (X *, M)
shows that 0% is a right factor of . So axiom (d) for f. classes shows that 6% is a ®-morphism.
Hence X* is in ©.

In the remaining part of this section we shall assume that ® is an E-functor with sufficient
injectives, and we shall discuss the properties of a class of right resolutions defined by ©.
A complex is called a ®-complex if its differentiation is a ®-morphism, and a @-injective
complex if each object is a ®-injective. An acyclic right ®-injective ®-complex with homology
object A is called a O-injective resolution of A. It follows that the augmentation monomorphism
of a ®-injective resolution is a ®@-morphism. Since every object of € has a ®-injective repre-
sentation the usual iteration argument shows that every object has a ®-injective resolution.
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If X* and Y* are two ®-injective resolutions, then Y is injective over im % and ker 62
since they are ®-monomorphisms. Further the zero resolution is ®-injective. Hence the
class of ®-injective resolutions is a resolution of €. We shall denote this class by K,.

First we shall obtain some simple properties of K, T, K o T, and K ¢ I'. In particular we
shall show that the study of the K,-derived functors and K,-cosatellites can be reduced to
the study of the operations K9, K9, and K}. If M is a ®-injective, then ...->0->M—>0-> ...
is a K,-resolution of M. So K TM, K TM vanish for n = 0, equal 7M for n = 0, and Kz TM
vanishes for all #n. Let 4 be an object of €, and M * be a Kj-resolution of 4. Then

RYTM* =0 and KJTM* ~ TM*,

So for all n KiKYT =0 and K2K9T ~ KiT. (7-1)
The first of these and the exactness property of the K,-sequence of K T"show that we have
a natural isomorphism I?g I?g T~ K’@’ 1?2 T (7-2)
Now we show that the natural transformation K 7'— T induces an isomorphism

KzR9T ~ RuT. (7-3)

Let A" be Ker ¢%,. Then
Ry(R9T) A ~ Ker{Ry TA» =Ry TM"} =~ R T4
since K9 7" vanishes on injectives, and
KiTA ~ Ker{T4» - TM~} ~ RS T A"

since ... 0 = M" > M"*! — ... is a K,resolution of 4". So we have proved that (7-3) is
true. From (7-2) and (7-3) we deduce that K% 7 is naturally isomorphic to K1K37T. So
the study of K, is reduced to the study of K9 and K,. Since I?g T is Ker[TA — TM?],
R9T and T are isomorphic if 7" vanishes on @-injectives. In particular

RYKpT ~ KT (n>0). (7-4)
To complete the description of the combinations of K9 and the other operations it is suffi-
cient to show that 1?2 KT = o. (7-5)

We have KJ7A4 ~ Ker[TM°— TM'], and K)TM° >~ TM°. So the morphism
K9TA — Ky TM?O is the monomorphism ker [ TM° - TM!']. Hence KYK9T - 0.

Next we obtain results for K analogous to those of Cartan & Eilenberg (1956, chap. V,
§85,6,7). By (7-3) and (7-5) the K -sequence for K T"is

> 0->KiK3T -~ K3K3T > 0 —.

To show that this is exact it is sufficient to show that the K-excess of KJ 7" vanishes. By
formula (3-3)

EK2K)T ~ Ker [K) TM" - K} TA* '] /Im [K) TA" -~ K) TM"].
But K TM» ~ TM?", and Ky TA**! ~ Ker [TM"+! — TM"*+?]. Hence
EK3K)T ~ Ker [TM" — Ker [TM"*! — TM2]]/Im [Ker [TM" - TM"*'] - TM"]
~ Ker [TM" - TM»*1]/Ker [TM" —~ TM"+'] = 0. (7-7)

24 VoL, 254. A,
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So the K -sequence is exact, and we have a natural isomorphism
K3K9T ~ K3K) T. (7-8)
From (7-1) and (7-8) it follows tklat K2 T is naturally isomorphic to K2K3 7. So the study
of K, is reduced to the study of K% and Kj). Since K{7'4 is a component of the homology of
TM*, it vanishes if 7" vanishes on ®-injectives. In particular
KYK2T =0 (n>0). (7-9)
Finally we show that K2 is obtained by iterating K}. We have for n > 0
Ki(K} TA) ~ Coker [K} TMn1 — K} TA"|
~ K} TAr, since K} T vanishes on ®-injectives,
~ Coker [TM" — TA"1] ~ Ki+1 TA.
Write 4 for K 4, and define 67 byAﬁ"T ~ 0 Y0T), 0°T = T. Then this shows together with
the previous results for K and K} that there are natural isomorphisms
0T~ KyT, 0"RYT ~KuT, 0"KYT ~ Ky T. (7-10)

We conclude this section by proving that every ®-complex has a K, -resolution. The
properties of an f. class of morphisms show that a complex X* is a ®-complex if and only if
the exact sequences

0-—>BVX)—>ZVX) > HV(X)—>0, 0—>Z)X)—>Xt>B?X)—>0
and their duals are in ® for all 5. So by proposition 43 it is sufficient to prove that every

simple ®-extension has enough Kj-resolutions. To prove this we need some properties of
the exact and commutative diagram

0 0 0
\ 4 \
049 MO > B0 > 0
\ \’ \’
0> A" M1 Bl 0 (R)
\ \ \
0> A" M2 B2 0
\ v \
0 0 0

Denote the columns of R by 4%, M *, B* and the rows by 7y, 7,, 7,. We shall call R a ®-repre-
sentation of A* if all its morphisms are ®-morphisms, and a ®-injective representation if, addition-
ally, M° M?" and M? are ®-injectives.

LemMa 7-1. (i) If A% is in ©, then there exists a diagram R in which r, is a given element of
(B2, A2), 1, is a given O-injective representation of A°, and M* splits.

(i) If A%, M*, ry, and r, are in ©, then R is a O-representation of A*.

Progf. First we prove (i). Define M to be M@ M?2, 09, to be the canonical monomorphism

of M into M, and J}; to be the canonical epimorphism of M! onto M?2. Since M?is a
®-injective and 49 is a @-monomorphism there exists a morphism x’ in Hom (4!, A°) such
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that '8 = 0. Put 4! = '@ p?}. Then p! is a monomorphism, for 40, y? are monomorphisms
and Im ¢4 = Ker ). Define B! to be Coker y!, and the morphisms 69, d} to be those induced
by 09, 0},. Thus we have constructed a diagram R with the required properties.

Now we prove (ii). We have §}coker u! = (cokeru?) §},. By axiom (¢,) for h.f. classes
(coker 42) 8}, is a ®-morphism. Hence by axiom (d), 8} is a ®-morphism. So B* is in @.
To show that 7, is in ® we use proposition 7-2. Let M be a O-injective, and consider
Hom (R, M). By the definition of a ®-injective the commutative diagram

0 — Hom (M° M) -> Hom (M, M) - Hom (M2, M) — 0
¥ ¥ ¥
0 — Hom (4° M) — Hom (4!, M) — Hom (42, M) — 0

has exact rows and the first and last columns are epimorphisms. So the middle column is
an epimorphism, and proposition 7-2 shows that 7, is in . This completes the proof of the
lemma.

Now we prove that any simple extension 4* in & has enough K-resolutions. Let A **
be a resolution of 4*, write ¢ for the differentiation of M ** of type (0, 1), and ¢’ for its com-
ponent of degree :. Put 4% = Kerd, and B* = Coim ¢’. Evidently 4*' = B*i=1 (; > 1),
and A*0 = A*. We shall write R, for the commutative diagram

0— A% > M* » B¥ 5 (,

Then M ** is a K -resolution of 4* if and only if R, is a ®-injective representation of A*:
for all z > 0. Suppose now that MO%*, A2* are given K, -resolutions of 4% A2 We shall
construct a Ky-resolution M ** with these two rows. Lemma 7-1 (i) shows that we can
construct a diagram R, with the two given rows and a middle column that splits. Since
M?10 is the direct product of the ®-injectives M, A120, Lemma 7-1 (ii) shows that R, is
a @-injective representation of 4*. Since B*?is in & we may repeat this process using B*°
instead of 4*, and so construct a @-injective representation R, of B*0. Continuing in this
way we obtain a Ky-resolution of 4* with the preassigned rows A1%%, M2*. Next suppose
that M ** is a normal resolution of 4*, and M%*, M?2* are K ,-resolutions of 4%, A2. Since
M*i splits and M % M?% are O-injectives M is a @-injective. Then lemma 7-1 (ii) shows
that R, is a ®-injective representation of A*. In particular B*®is in ®; that is, 4*! is in 6.
Again lemma 7-1 (ii) shows that R, is a ®-injective representation of A*!. Continuing in
this way it follows that R, is a ®-injective representation of 4*! for each 7. So M** is a
K -resolution of 4. Thus we have proved that 4* has enough Kj,-resolutions, and from
proposition 4-3 we deduce:

ProrposiTiON 7-3. Every O-complex has a K y-resolution.
In particular every member of ® has a K,resolution. So if 4* € ®, we have an exact

sequence — K3 TA® - Ky TA' - K TA? - K51 TA® —.

To describe this situation we extend the usual definition of connected sequences of functors,
and we call a sequence of functors {7%,,, O-connected if for each A* in ¢ there is a natural
morphism 7%4% — T"*14° and the sequence

0—> T04% - T4 » ... - T"A0 - TmAl - TrA%2 - T 140

24-2
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has order two. The existence of the natural morphism for each A4* in ® may also be expressed
by saying that there is a natural mapping of 0(A42%, A4°) into Hom (7742, T"*14°) for each
i > 0. If the sequence is exact, then {77} is called a cohomological ®-connected sequence. In
particular K, 7 is a cohomological ®-connected sequence. Buchsbaum (1959) has shown
that {®*(4, )}, where ®° = Hom, is a cohomological ®-connected sequence. To show that
it is isomorphic to K,Hom (A, ) we need the following result whose proof is the proof of
Prop. 2:2-1 of Grothendieck (1957) with only verbal modifications:

PropositioN 7-4. If {17} is a cohomological ®-connected sequence, {U'} is a O-connected sequence,
T vanishes on @-injectives for 1 > 0, and & has sufficient O-injectives, then a natural transformation
of functors p®: T° — U° has a unique extension to a natural transformation p of O-connected sequences.
Furthermore, if U? vanishes on ®-injectives for ¢ > 0, and p°is an isomorphism, then p is an isomorphism.

Since Hom (4, ) is left-exact KJHom (4, ) ~ ©°(4, ). If M is ®-injective, then
K2Hom (A, M) = 0 for n > 0, and &*(4, M) = 0 since a simple @-extension beginning
with a ®-injective splits. So the proposition shows that K, Hom and ® are isomorphic.

8. CLASSES OF RESOLUTIONS ASSOCIATED WITH A PAIR OF E-FUNCTORS

Let @, @ be a pair of E-functors with sufficient injectives such that ® < . Since ®-in-
jectives are ®-injectives and ®-morphisms are ®@-morphisms K, > K ;. We shall construct
a sequence of intermediate classes of resolutions.

Let £ be a non-negative integer or co. We call a right resolution M * a (0, £, ®)-injective
resolution if: for n < k, M is a ®-injective and 0%, 1s a @-morphism; for n > k, M" is a ®-injec-
tive and 9% is a @-morphism. In particular a (@, 0, ®)-injective resolution is a K -resolution
and a (0,00, @)-resolution is a Ky-resolution. Suppose that £ < /, and let M * be a (0, k, D)-
resolution, N* be a (0, [, ®)-resolution. If n < [, then N"is a ®-injective and ker 8%,, im 87,
are ®-morphisms; if n > [, then N” is a @-injective and ker 0%, im 7, are ®-morphisms.
Hence for all n, N* is injective over ker 0%, and im 0%,. For £ = [ this shows that the (0, £, ®)-
resolutions form a class of resolutions of €. Denote this class by K. Then for £ < /the remark
shows that K, < K.

Next we obtain some formulae relating K7 7T, Kz T and I%Z T". Ttis clear that

BT=K3T n<k), KiT=RyT n<k—-1), KT =KiT (n<k—1). (81)
Let M * be a K -resolution of 4 and A% = Ker ¢%,. Then

00— MF—> MFI1 -
isak ¢-resoluti0n of A~.

First suppose that n > £, and consider kz 7. Then IZ’,’@ T4 = ¢gn*TA~. But ¢**T vanishes
on ®-injectives, and M*~1is a @-injective since ® = . So

I('Z TA ~ ¢"kTA* ~ Coker [¢" FTMFE1 — ¢n=kT A ~ Gkgr—kTA.
Thus we have an iteration formula
KiT = 0kgn=*T  (n> k). (8-2)

Secondly, suppose that z >k, and consider K#T. Then K174 =K wokTA*.  Again
lz’;{" T vanishes on ®-injectives, and a similar argument shows that

RpT = 0K *T = 0hgnkR4T  (n > k). (83)
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Finally consider K3 7. By (8:3) and (7-5) the K-sequence for K4 T'is for n > &

0> KgKy T - KzK4 T 0 .
Since 0 — M* — M**! — ... is a K -resolution of 4*
(EKy)" Ky TA = (EK ;)" % Ky TA*.
So from (7-7) (EK,)" K T vanishes. Hence the K;-sequence is exact for n > £, and we have
KpKST = KiKST (n>k). (8-4)
Now we have seen in § 7 that K} T’M = T'M when M is a ®-injective. Therefore
Ky TM* = TM*.
So k%Kg T and K% T are isomorphic. Hence from (8:4) and (8:2)
KT = Gkgn*KST (n=k). (8-5)

Thus except for Ki~! 7" we have expressed K P K 1 and K, T in terms of 0, ¢, kg, Kg,
K3 and K3,

We also mention an interpretation of K} 7°when 7 is Hom (X, ). In this case K? T4
is the group of equivalence classes of #-fold extensions

op—
042 X,2X ~.. 22X 2X->0,

where o; (¢ < k) are ®-morphisms and «; (¢ > k) are ®-morphisms. Since we shall not use
this result, we only remark that the proofis an adaptation of Yoneda’s proof of the analogous
result for Ext".

Finally, we make a remark about the relationship between resolutions of categories, and
resolutions defined by a nest of E-functors.

For a resolution K of an Abelian category €, denote by | K|, the class of objects of the form
N*, where N* isin K and 0 < £ < n. In §15 we shall prove that the simple extensions A*
such that Hom (4%, X) is exact for each object X of an arbitrary subclass of € are the repre-
sentatives of a closed E-functor on €. Let 0, be the E-functor on € defined in this way by
|K|,. Since |K|,,, o |K|,, we have ©,,, = ©,. So K determines a nest (0): @, > 0, > ...
of closed E-functors on €. If M * is in K, then M"isin |K|,; so M is © -injective.

We shall call a resolution K of € strong if, for each n > 0 and each M * in K, the objects
of | K|, are injective over ker 8. It follows that ker 0%, is a ®,-monomorphism. So a strong
resolution K is a subclass of the class K(®) of all right acyclic complexes M * over § such that
(i) M"is ©,-injective (n > 0), and (ii) ker d}; is a ®,-morphism (z = 0). Now K(0) is also
a strong resolution of € since (i) and the inclusions ®; > ®, > ... show that each object
of |K(®)|, is ©,-injective. So we have proved that any strong resolution K is contained in
a strong resolution of the form K(®), where () is a decreasing sequence of E-functors on §.
These two resolutions endow € with the same relative homological algebra, so we can claim
that all strong resolutions of categories are determined by E-functors.

We have no example of a resolution that is not strong.
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9. THE EXISTENCE OF K,-RESOLUTIONS OF ®-COMPLEXES

We use the notation of the preceding section, and suppose that ® and ® are E-functors
with sufficient injectives such that ® > ®. We shall show that every ®-complex has a
K,-resolution if ®- ® > @- 0. First, we see that some condition is necessary for the existence
of K,-resolutions of ®-complexes.

Suppose that 4* is a ®-injective representation of A° and has a K,-resolution. By pro-
position 7-3 it also has a K, -resolution. Since K, dominates K,, § 4 shows that for each co-
variant functor 7" we have a commutative and exact diagram

KETA' - KETA? — KEPTTAC
\ ¥ ¥
KiTA' > KETA? — KEH1 TAC.
The cokernels of the left-hand morphisms are ¢K§ T'A° and ¢K% T'A°. Since derived func-
tors and satellites coincide for left exact functors it follows from (8-1) and (8-2) that we have
a commutative diagram JOFTAO > Ohg T A0

[ \
GOETAO > G+ 1T A

when T is left exact. In particular when 7"= Hom (X, ) this gives a relation between
® and O.

To prove the main result of this section we need a lemma which will also be used later:

Lemma 9-1. If O is an E-functor with sufficient injectives, ® is a closed E-functor, and ® < @,
then the following statements are equivalent:
i) O- D> O-0;
(ii) If P* is in ® and 0 — P* — N* — Q* — 0 is a O-representation of P* with N° O-injective
then Q% is in @.
Proof. First suppose that (i) holds. Consider the diagram
0—P* > N* > Q* — 0.
Write p, ¢ for the images of P*, Q* in O(P2, P%), ®(Q?, Q°) and r, for the image of
0>P—>N—>@ >0 in O(Q,P).
By lemma 2-1, p+n, = —n,-q. By hypothesis P* e ®. So n,-ge @-®(Q2, P?). Hence there
exist x in O(Y, P%) and y in ®(Q?, Y), for some object Y, such that n,¢ = x-y. Since N, is
®-injective the connecting homomorphism
Hom (Y, Q%) — O(Y, P?)
given by a — nye is an epimorphism. So x = nya for some «. Hence n,q = ny-ay. Since
N, is ®-injective the mapping O(Q2, Q) — ©2(Q2, P)
given by a - ny-a is an isomorphism. So ¢ = ay. But ye ®(Q?% Y), and ae Hom (Y, Q°).

Hence ge ®(Q?, Q°), and we have proved that (ii) holds.
Now suppose that (ii) holds. Let xe ®-®. Then there exist P* in ® and

0—>P2—> N2> Q?2—>0
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in ® such that their join represents x. Write p and #, for their classes in ®(P2, P%) and
0(Q? P?). Then x = p-n,. By lemma 7-1 (i) we can embed the two simple extensions in a
O-representation 0 — P* — N* — @* — 0 of P* in which N?is a @-injective. By lemma 2-1,
pny = —ny-q, where ¢ is the class of @* and n, is the class of 0 - P® — N° — Q0 — 0. But
Q* € @ by hypothesis. So x = p-n,isin @-®. Hence @-® 5> O- 0.

ProposiTionN 9-1. If O and ® are E-functors with sufficient ® and ®-injectives, ® > ®, and
D0 < O-O, then every D-complex has a K,-resolution. '

Proof. By proposition 4-3 it is sufficient to show that each element of ® admits enough
K, -resolutions.

Let 4* € ®. We use the notation of § 7 and observe that M ** is a K,-resolution of 4* if
and only if R; is a @-injective representation of A*! for i < £, and R, is a ®-injective repre-
sentation of 4* for i > k. Suppose that K,-resolutions M*, M?* of A%, A2 are given. By
lemma 7-1 we can construct successively Ry, Ry, ..., R,_; with the desired properties. Then
by applying lemma 9-1 successively to Ry, R}, ..., R,_, we see that 4*F is in @. Since there
are sufficient ®-injectives proposition 7-3 shows that there exists a complex {M¥},., such
that {M*},., is a K -resolution of A*%. Thus we have constructed a K -resolution M **
of A with pre-assigned rows M°*, AM2*. Next suppose that M ** is a normal resolution of
A*, and M%*, M** are K;-resolutions of 4°, A2. Then by using lemma 7-1 (ii) as in the proof
of proposition 7-3 we see that R; (i < k) is a @-injective representation of A*:. Since A*°
(= 4*) is in ®, lemma 9-1 applied successively to Ry, Ry, ..., R,_; shows that 4*# is in ®.
Since 4** has enough K -resolutions {M'},., is a K -resolution of 4. So M'* is a K,-
resolution of A!. Thus we have shown that 4* admits enough K,-resolutions, and the
proposition is proved.

10. COMMUTATION OF SATELLITES
Let O and ® be E-functors with sufficient injectives such that @ > ®. Since ® > ® there

exist 7-transformations vpt 06T — 02T, up: 0T — 02T

for any covariant functor 7" on € with values in an abelian category. The principal result
of this section is:

THEOREM 10:1.  The E-functor @ is central in O if and only if for each covariant functor T defined
on § there exists a natural isomorphism between 04T and $0T such that the diagram

$0T =~ 05T
Bp vy
0?T = 02T

commautes.
First we obtain formulae for ¢¢ Hom (X, ) and 6 Hom (X, ). Write uy and vy, for the

natural transformations
Ux: p0Hom (X, ) - 602Hom (X, ) = O*(X, ),
vy: OpHom (X, ) - 0?Hom (X, ) = G%(X, ).
Prorosition 10-1. (i) uy is an injection with image ®-O(X, ).
(i) vy is an injection with image - D(X, ).
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Proof. (i) Let A be an object of €, and 0—~4 % N X C — 0 be a ®-injective representa-
tion of 4, and # be its image in ®(C, 4). Let 0 > 4 - M — B — 0 be a ©-injective repre-
sentation of 4. Since ® = @ there exist morphisms &, 7 such that

0>4-+N->C—-=0

I & »y
0-A—->M-=B—->0

commutes. So we have a commutative and exact diagram

(X, N) - O(X,C) % 02X, 4) > @2(X, N)
N v v '
0 —0XB)—»>06%X4) 0

Since ¢ Hom (X, ) = O(X, ), the exactness of the first row shows that ¢0 Hom (X, 4)
can be identified with Imd. Since uy(A) is induced by ©(1y,7), the commutativity shows
that uy(A4) can be identified with the inclusion Imd = ®%(X, 4). In particular gy is an in-
jection. Itremains to be shown thatImd = ®- O(X, 4). Since dx = n-x,Im disin ®- O(X, 4).
On the other hand, if x-y € ®-O(X, 4) with x in ®(Y, 4) and y in O(X, Y), then

a(xy) = (ax) 'y = 0,
since axe O(Y, N) and N is P-injective. So the exactness of the first row of the diagram
shows that x-y is in Im d. Hence Imd = ®-®(X, 4), and (i) is proved.

(ii) Let 0> A4 — M — B — 0 be a O-injective representation of 4, and write m for its
image in ®(B, 4). Then we have a commutative diagram

®(X, B) - 0¢ Hom (X, 4)
¥ ¥ vx(4)
OX,B) > %X, 4)

in which the first column is an inclusion and the rows are connecting homomorphisms.
Since M is a ®-injective the rows are isomorphisms. So v is an injection. It remains to be
shown that the image of ®(X, B) in ©?(X, 4) is ®- D(X, A). We have dx = m-x. So the image
of ®(X, B) is contained in ®- O(X, 4). On the other hand, letze ®-®(X, 4). Thenz = y-x
where xe O(X,Y), ye O(Y,4) for some Y. Since M is @-injective the connecting homo-

morphism Hom (Y, B) - (Y, A)
is an epimorphism. So y == ma for some « in Hom (Y, B). Hence
Z = mo-x =m-ax = 0(ax).

Now «x is in ®(X, ¥). So ax is in ®(X, B). Hence z is in the image of ®(X, B) in ©?(X, 4).
Thus (i1) is proved.

We shall also need for the proof of theorem 10-1 and results in later sections the following
proposition which we obtain without assuming the existence of sufficient injectives for

® or P.

ProrposiTion 10-2.  If O s a closed E-functor, © s an E-functor contained in ® and ®@-® < -0,
then ©*( , N) is exact on ® for n = 0 and all ®-injectives N.
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Proof. Let A* € @, and a be its image in ®(A42, 4%). Since O( , N) is an exact @-connected

sequence it is sufficient to show that the connecting homomorphisms
@n(AO, N) - @n«l—l(AZ, N)

are zero. Let x e ©®7(A4% N). Then the image of x is x-a. Since x is in ©®*(4°% N) there exist
Xyy ...y %, In @such thatx = x;-x5-...-x,. Now @-® < ®-0O. Sox-a="b-y, ... y, with b in
®(Z, N) for some Z, and y,, ..., 4, 1n 0. Since N is @-injective ®(Z, N) = 0. Hence x-a == 0.
So the connecting homomorphisms are zero and the proposition is proved.

The last of the preliminaries is to obtain formulae for u;, v, 09T, 0T, and 62T. Let
A% €, and A* be a ®-injective representation of A°. By §7 A* has a ®-injective repre-

sentation 0> A* > M* > B* » 0.

So P0TA® ~ Coker [§TA! — §TA?]
~ Coker [Coker (TM! — TB') - Coker (TM? - TB?)]
~ Coker [Coker (TM' - TM?) - Coker (TB! - TB?)].
Since M * splits, Coker [ TM' - T'M?] vanishes. So we have the formula
d0TA® ~ Coker [TB' - TH?].
Since M? is a ®-injective
0¢TA° ~ Coker [pTM°® - §TB] ~ §TBC.
Write C for B° and let C* be a ®-injective representation of C°. Then
0pTA® ~ Coker [TC' — TC?].
Write D° = B° and let D* be a @-injective representation of D° By definition
02TA° ~ Coker [TD' > TD?].
Finally we obtain formulae for x,(4°) and v,(A4°). Write b, ¢, d for the exact sequences
0>A4A">M*'>B' -B2—>0, 04> M°->C!—-(C?2->0,
0> A°> M- D' D?—->0
obtained by joining 0+ 4% - M — B°— 0 to B*, C'*, D* respectively. Since D, is a

O-injective, and b, ¢ are ®-complexes, the identity morphism of A° can be covered by
complex morphisms f: b - d, and y: ¢ - d. Then £ induces #,.(4%), and y induces v,(A4°).

ProposiTiON 10-3. If ® and O are E-functors with sufficient injectives such that © > O, then the
Jfollowing statements are equivalent.
i) 0-® <= P-0.
(i) O( , N) is exact on ® for all ®-injectives N.
(iii) If 4 is any O-injective and 0 —~ A -~ M — B — 0 is a O-injective representation of A, then
B is a ®O-injective.
(iv) For each covariant functor T defined on &, there exists a natural transformation of functors
Ap: 09T — GO°T such that prpdyp = v,
(v) Property (iv) is valid for all functors Hom (X, ).

25 Vor. 254, A,
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Proof. It is trivial that (iv) implies (v) and proposition 10-2 shows that (i) implies (ii).
Suppose now that (ii) holds. To deduce that (iii) is true it is sufficient to show that Hom ( , B)
is exact on ®@. Let X* be in ®. Then applying Hom (X*, ) to 0 - 4 — M - B > 0 gives

a commutative diagram Hom (X, B) - O(X?, B)
\ ¥
(X% 4) - 0*X%A4A),
in which the bottom row is the zero morphism by hypothesis, and the second column is an
isomorphism since M is @-injective. So the first row is the zero morphism. Hence Hom ( , B)
is exact on @, and (iii) is true.
Next suppose that (iii) holds. Since 4! is a ®-injective and

0> Al - M!—- B! -0

is a @-injective representation of A, B! is a ®-injective. By definition C* is in ®. So there
exists a complex morphism of C* into B* covering the identity morphism of C° (== BY),
and this together with the identity morphism on

0—>A"> M%—> B~ 0

determines a complex morphism 7 of ¢ into 4. The morphism 7 determines a morphism of

04T A% into p0T'A°. It can be verified that this morphism is determined by 4°, and that it is

the value on A4° of a natural transformation of functors. Define A,. to be this natural trans-

formation of functors. Since f7 and y are both complex morphisms of ¢ into d covering the

identity morphism of 4% they are homotopic. So x4, = v;. Thus (iii) implies (iv).
Finally proposition 10-1 shows that (v) implies (i).

ProrosiTioN 10-4. If O and © are E-functors with sufficient injectives such that ® = @, then

the following statements are equivalent:
i) 0-® > O-0.

(ii) If P* is in ® and 0 — P* - N* - Q* — 0 is a O-injective representation of P*, then
Q* s O.

(ii1) For each covariant functor T' defined on § there exists a natural transformation of functors
Ap 10T — 0T such that py = v A

(iv) Property (iii) is valid for all functors Hom (X, ).

Proof. It is trivial that (iii) implies (iv), proposition 10-1 shows that (iv) implies (i) and
lemma 9-1 shows that (i) implies (ii). So it remains to be shown that (ii) implies (iii).

Suppose that (ii) holds. Since A* is in ® and

0> A% > M* - B* >0

is a @-injective representation of 4*, B* is in @. By definition C! is a ®-injective. So there
exists a complex morphism of B* into C'* covering the identity on B° (= C°), and this
together with the identity morphism on 0 — 4% - AM° — B — 0 gives a morphism 7’ of
b into ¢. The morphism 7" induces a morphism of ¢67°4° into 64 T'A°, and it can be verified
that this morphism is the value on A° of a natural transformation of 67 into 64 T. Define
A7 to be this natural transformation of functors. Since yn’ and £ are both complex mor-
phisms of 4 into d covering the identity morphism of A° they are homotopic. So v A} = U
Thus (i1) implies (iii), and the proposition is proved.
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We can now prove theorem 10-1. From propositions 10-3 and 10-4 it is sufficient to show
that A, and A7 are mutually inverse. Since

0> A* > M* > B* 0

is a ®-injective representation of 4* and A* is a ®-injective representation of A°, pro-
position 10-3 (iii) and proposition 10-4 (ii) show that B* is a ®-injective representation
of B°. Hence we may take C* to be B*. Then the complex morphisms 7, #’ inducing A,
A7 can be chosen to be the identity morphisms. So A, and A7 are mutually inverse.

N.B. In this and the preceding section we have obtained conditions for @ ® to contain
or be contained in ®-®, under assumptions about the existence of injectives for ® and ®.
These properties can be formulated for projectives by dualizing €. Since passage to the
dual determines an anti-isomorphism of the Yoneda product, it reverses all inclusion

between ®-® and O 0.

11. EXACT COUPLES ASSOCIATED WITH A PAIR OF E-FUNCTORS
Let O, ® be E-functors on ¢ with sufficient injectives such that ® > ®. By proposition
7-3 every K, -resolution has a Kj-resolution. So from §5 there exists for each covariant
functor T on € with values in an abelian category an exact couple functor (K, K,) 7. The
first exact couple of this functor consists of exact sequences

— Kg¥ K4 T — K4 K§ T — K¢ K§ T — K£+2 K4\ T —

defined for each integer g. Denote the morphisms in this exact sequence by a4, f4, and 847
respectively. By proposition 52, f, is induced by the natural transformation of a K-
satellite into its corresponding K,-derived functor. We now calculate ,. From(7-10),
(8:1), and (8-2) we have

K{K§T ~ KT (p<k),
and KeKST ~ Okgp=kaK9T  (p > k).

ProposiTiON 11-1. When p < k, o 1is the identity. When p > k, ab? is the natural transformation
Grgpp—k+10a-1KQ T — Okpp=kGaK9 T
induced by the T-transformation PO KQT — 01K) T

Proof. For p < k the resultis trivial. Soweassume that p > . Write Y * for the subcomplex
of X* defined by Yi=0 (1 <p), Yi= X! ({ = p), and N** for the subcomplex of M **
defined by N¥ = 0 (i < p), N¥ = MY (i > p). Then the canonical monomorphism of N*3*
into M ** induces a morphism of the exact couples associated with the filtration on the first
index. Since N** is a Ky-resolution of Y*, and Y* is a K -resolution of 4? = Ker 6%, this
morphism of exact couples gives in particular a commutative diagram

K K41 TAb > K§TA

. ¥ v

K4 K§1TA —~ K4 K§TA
in which the columns are isomorphisms. So it is sufficient to prove that the top row of the
diagram is a 7-morphism; that is to prove that the proposition is true for £ == 0, p = 0.

25-2
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Since K, dominates K there is a 7-transformation of (K, Ky) T into (K,, Ky) 7" In
particular this gives a commutative diagram

K Kt T K§T
v [
KyK4' T — K4 T.

The first column is a 7-morphism, and the second row and column are canonical isomor-
phisms. So the first row is a 7-morphism. Thus the proposition is true for £ = 0, p = 0 and
the proof is completed.

The exact couple functor (K, K,) T" determines a filtration on K, 7. Write F2(K, T') for
the sub-functor of filtration p. By proposition 5-1, F4(K3 T) is the image of K£K3~# T in
K3 T under ad?al? ... af~1>1. So from proposition 111 follows:

ProrosrTioN 11-2. For p > k
FO(K3T) = Im[0kgp=*0"—2K9 T — 0"K) T,
where the transformation is induced by the T-transformation
¢p=kOnPKY T — 0p=%0r—pK) T ~ 0" %K) T.
For p <k Fo(K3T)=K3T.

CoroLrrARrY. If @ is central in O, then FE(K2 T is the image of Kf,'_p K3 T in KiT under

the product of the T-transformation
Ky, K§T — Ky K§ T

and the canonical 1somorphism K;KyT ~ KjT.

Proof. If p < k theresultis trivial. For § 8 shows that K _,,, K) T'and K} T"are isomorphic.
Suppose p > k. By theorem 10-1, ¢ and # commute. So the proposition gives

Fo(KpT) ~ Im [On-p+kg=+KY T — 0nK9 T,

where the transformation is induced by the 7-transformation of ¢#~*K9 7 into 0¢~*K9T.
Since KJ T is left exact on ® and ® contains @, we have a commutative diagram

KT ~ K§T
v ¥
KYK§T = K§K§T

in which the columns are the canonical transformations of the K- and Kj-sequences, and
the bottom row is a 7-transformation. Hence F2(K} T) is the image of the product of the

transformation on—t+kgp-kK K9 T — "K9 K9 T

induced by a 7-transformation and the canonical isomorphism between K9K97 and
0"K) T. By 8-5 and 7-10

or-vikgp=KGKYT = Ko_,  K§T and 6"K3K3T =~ Ky T.

So the result follows.
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When 7'is Hom (X, ) it can be shown that F%2 K% T'4 is the class of elements of O*(X, 4)
represented by p-fold ®-extensions

042X 3X,>...>X,2X->0

in which ¢, (k < i < p) are ®-morphisms.
Finally we prove a lemma that will be needed later:

Lemma 11-1. If S = K471 T (p > 0), then the transformation

Us: ¢OS — 028
(defined in § 10) is a monomorphism.

Proof. Since 08 ~ K5 T, 625 ~ K4+ T, and ug is by definition a 7-transformation, pro-
position 11-1 shows that g can be identified with the transformation af-#*! of (K, Ky) T
From the exact couple ¢3-#+! is 2a monomorphism, since its kernel is the image of K;' K§*! T,
which vanishes. So the lemma is proved.

CorovLLARY. The transformation A defined in proposition 10-4 is a monomorphism.

Proof. By proposition 10-4, A is a right factor of 5. So A is a monomorphism.

12. SHIFTING THEOREMS FOR BALANCED FUNCTORS

Let 7" be a covariant functor of two variables defined on a product of abelian categories
€ x € with values in an abelian category D. Let ® and ® be E-functors defined on €
and @' respectively. The functor 7" will be called (®, ®")-balanced if T(M, ) is exact on
®’ and T( , M') is exact on O for all @-injectives M and @ -injectives M'. Dually, 7" will
be called (®, ®)-cobalanced if T(P, ) is exact on ® and T( ,P’) is exact on ® for all
®-projectives P and ®'-projectives P’. By dualizing €, €', and D we may deduce results
for cobalanced functors from results for balanced functors. In most of the applications €
will be the dual of €' and 7" will be Homg,, or € and €’ will be categories of modules and
T will be a tensor product. In this section we shall use the results of § 6 to obtain shifting
theorems for (K, K,) T. We need two preliminary results on balanced functors.

ProrosiTioN 12:1. If O and O are E-functors defined on € and €' with sufficient injectives,
and T is (), O")-balanced then the canonical transformations

K0 T—> (.Ko X Kﬂ') Té* ‘KO' T
are isomorphisms.

Proof. By proposition 6-1 it is sufficient to show that
KT —KyK) T, KoT—>KypK)T

are isomorphisms, and K4 K4 T, K4 K4 T vanish for ¢ > 0.

Let 4 be an object of € and M * a ®-injective resolution of 4. Since T(M, ) is exact on
® when M is a O-injective, T(M*, ) ~ K T(M*, ) and K4 T(M*, ) vanishes for
¢g>0. So K, T = K;K) T and K4 K4 T vanishes for ¢ > 0. By symmetry we may inter-
change ® and ®'. So the result is proved.
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Proposition 12-2.  Let @ and © be E-functors on € with sufficient injectives such that ® < ©,
and let ®" and O be E-functors on € with sufficient injectives such that ® < @'. If ©-® > O-0
and O - Q" > Q- O, the functor T is (O, ©')-balanced, and KT is (®, D')-balanced, then K4 T
s (D, D')-balanced for all p.

Progf. Since T is (0, ®')-balanced, K, 7" and K, T are isomorphic. So the hypotheses
and conclusion are symmetric, and it is sufficient to prove that K4 7'( , N') is exact on ®
for all ®@'-injectives N'.

The proof is by induction. By hypothesis K 7°( , N') is exact on ®. Suppose that p > 0,
and K41 T( , N') is exact on ®. Then K4 T( , N') is left exact on @, since K, T'is a coho-
mological ®-connected sequence and ® = @. So to show that K& T'( , N') is exact on ®, it is
sufficient to show that ¢K47( , N’) vanishes. Write S for K4~17( , N'). Then 6S and
KtT( ,N’) are isomorphic. So we have to show that ¢S vanishes. Since ®-0 < @-®,
there is by proposition 10-4 a natural transformation Ag: ¢0S — 04S. By the corollary to
lemma 11-1, A5 is a monomorphism. But ¢§ = 0, since by the induction hypothesis S is
exact on ®. So ¢0S = 0. Thus K4 T( , N') is exact on @, and the proposition is proved.

The first shifting theorem is:

Tueorem 12-1. Let O and O be E-functors on € and € with sufficient injectives, and ® be
an E-functor contained in O with sufficient injectives. If T is a covariant (®, O")-balanced functor,
then (K4, Ko) T = (K Ky) T

Proof. By proposition 12-1 the canonical transformations
K, T— (KyxKy) T« K, T

are isomorphisms. So from theorem 6-1 (K, K,) 7 and (K, K,) T" are isomorphic.
The second shifting theorem is:

TuEOREM 12-2. Let O and © be E-functors on € with sufficient injectives such that ® < 0, and
D' and O be E-functors on €' with sufficient injectives such that @ < @'. If

P00, OO,
the covariant functor T is (O, @)-balanced, and KJ T is (O, O)-balanced, then
(Ky Kp) T~ (Ky# Ky) T = (K, Kp) T = (K Kp) T

Proof. Since T is (®, ®')-balanced the preceding theorem shows that the first and third
pairs are isomorphic. It remains to show that (K% K,) 7" and (K, Ky) T are isomorphic.
By proposition 12-2, K, T'is (®, @’)-balanced. So proposition 12-1 shows that the canonical

transformations KKy T (KyxKy) Ky T< KyKy T
are isomorphisms. Hence by theorem 62 (K« Kj) T and (K, Kj) T are isomorphic.

CoroLLARY. Let ® and © be E-functors on € with sufficient projectives and injectives such that
O < O. Write Jy for the class of ®-projective resolutions of &. Then

(Ky, K;) Hom = (K% Jy) Hom =z (J,, Jp) Hom x (J;* Ky) Hom
if and only if ®© is central in ©.
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Proof. Suppose that @ is centralin ®. In the theorem take €' to be the dual of €, 7 to be
the functor whose value on 4 x B is Hom (B, 4), and ®’, @' to be the duals of ®, ®. By the
definitions of ®-injectives and ®-projectives 7" is (0O, ®")-balanced. Since 7 is left exact
K)T and T are isomorphic. So K§ T is (O, d’)-balanced. The condition ®'-®" < @- @’
is equivalent to ®-0 > @-®, since dualization determines an anti-isomorphism of the
Yoneda product. Thus the conditions of the theorem are satisfied and the four exact
couples are isomorphic.

Conversely, suppose that the exact couples areisomorphic. Then theisomorphism between
(K4, Ky) Hom and (Jy, J;) Hom, yields in particular a commutative diagram

I@Ké Hom — K% Hom
| I
jéJé Hom — JZHom.

By proposition 11-1 the first and second rows are 7-transformations. So from proposition

10-1 and its dual, their images are @+ ® and ®-®. Hence @0 = 0-O.

13. ADJOINT FUNCTORS

We shall show how to associate an E-functor with a pair of adjoint functors. First we need
a preliminary result on connecting morphisms.

Let 7', U be a pair of covariant functors defined on an abelian category € with values in
an abelian category €', and ® be a closed E-functor on €. Suppose that for each A* in @
there is a morphism d, of 7'4% into UA° such that

TA' - TA%* - UA® - UA!
is exact, and if o* is a complex morphism of 4* into B*, then
0y T(a?) = U(a®) d,,.
In particular d, depends only on the class a of 4* in ®(42, 4°). Define a mapping
f: (4% A% — Hom (742, UA®)

by f(a) = d,. Then f is natural and the usual device of obtaining the sum of two elements
from their direct sum by diagonal and codiagonal morphisms shows that £ is a homo-
morphism. Write ®(42, 4% for the kernel of f. The naturality of f shows that ® is an
E-functor.

Prorposition 13:1. @ is a closed E-functor.
Progf. Let A* € ®. Then for each X in @ there is a commutative diagram

OX,4% - 0O, 4) - 0O(X, 4?2
By BY
Hom (7TX, UA®) - Hom (TX, UAY)

in which the first row is exact, since 4* belongs to ® and @ is closed. Since 4* e ®, 9 L 18
the zero morphism. So UA4° -+ UA! is a monomorphism, and the bottom row is a mono-
morphism. Letx be an element of ®(X, A!) with image zero in ®(X, 42%). Then x is the image
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of an element y of ®(X, 4°%). Since xe O(X, A!), f(x) = 0. So the commutativity of the
diagram and the fact that the bottom row is 2 monomorphism show that f(y) == 0. Hence
ye O(X, 4Y). Thus O is right closed (§1). Similarly it is left closed, and the proposition is
proved.

Let € and D be categories, not necessarily abelian, and F: € -~ D, G: D — € be co-
variant functors such that there is a natural bijection

w: Homg (4, GB) - Homg, (FA, B),
for each 4 in € and B in D. We say, with Kan (1958), that F'is a left adjoint of G and G is
a right adjoint of F, and we call /' and G a pair of adjoint functors. The naturality of v
means that if «, #, and £ are in Homg (X, 4), Homg (B, Y), and Homg (4, GB) respectively,
then 0(G() &2) — fo(6) F(a). (13:1)
We obtain the definition of a pair of contravariant adjoint functors by dualizing € or D.
So two contravariant functors /' and G are adjoint functors if there is a natural bijection

w: Homg (4, GB) — Homg, (B, FA)
for each 4 in € and B in D, or if there is a natural bijection

w: Homg (GB, A) — Homg, (FA, B)

for each 4 in € and B in . We shall obtain our results for covariant adjoint functors.
Corresponding results for contravariant adjoint functors may be deduced by dualizing
CorD.

In the remainder of this section we assume that ¢ is abelian. Let B be an object of D,
and write @,4(X, Y) for the subclass of Ext{ (X, Y) represented by simple extensions on
which Homg ( , GB) is exact. Define ® by

®=n O,
BeD
Then we shall prove that @ is a closed E-functor. By proposition 1-3 it is sufficient to show
that @, is a closed E-functor for each B in ®©. This follows by applying the dual of pro-
position 13-1 to the contravariant functors U -= Homg ( ,GB) and T = Ext}( ,GB).
So we have proved:

ProrosrtioN 13-2. O is5 a closed E-functor.

Before obtaining other characterizations of ® we recall some properties of a pair of
adjoint functors obtained by Kan (1958).

Let 4 be an object of €. Then we have a bijection

: Homg (4, GFA)  Home (FA, FA).

Put #, = 0~(1z4). The naturality of @ shows that xis a natural transtormation of the identity
functor into GF': that is, for each 4 in € there is a natural morphism

Uy: A— GFA.
If @ belongs to Homg (X, 4), then (13-1) with § = g, and f = 1, shows that
w(pye) = F(a). (13-2)
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Lastly, putting & = p,, £ = 14z, and f = 1, in (13-1) shows that
0(Ygr) Fpg) = 1z ’ (13:3)
Now we obtain other characterizations of ®.

ProposITION 13-3. If @ is a monomorphism the following statements are equivalent:
(i) ais a D-morphism; (i1) F(«) has a left inverse; (iil) GF(a) has a left inverse.

Proof. First we shall prove that (i) and (ii) are equivalent. If a: 4 — B is a ®-mono-
morphism, then by definition

Homg¢ (B, GX) - Homg (4, GX)
is an epimorphism for all X in ®. By taking X = F4 and using the adjointness of /' and G
we see that Homg (FB, FA) - Homs (FA, FA)
is a projection. Hence F() has a left inverse. Conversely, if () has a left inverse, then
Homg (FB, X) - Homg (FA4, X)
is a projection for all X in . So by the adjointness relation and the definition of @, « is
a ®-morphism.
It is clear that (ii) implies (iii). So it remains to be shown that (iii) implies (i1). Since x
is a natural transformation of the identity functor into GF
g = GF(a) puy.
So operating with F gives Fup) Fla) = FGF () F(py).
Since GF(a) has a left inverse, FGF(a) has a left inverse. By (13-3) F(u,) has a left inverse.
Hence F(«) has a left inverse. So (iii) implies (ii).
COROLLARY. ®(4, B) = Ker Ext! (1, 43).
Proof. Since GFB is a ®-injective, ®(4, B) = Ker Ext! (1, ;). Let

0>BLX>4->0
represent an element of Ker Ext! (1, #,). Then there exists a morphism y such that yf = ;.
H by (13-3
ence by (1373 o(1oz) F ) FP) = Ly

So by (ii) £ is a ®-monomorphism. Hence Ker Ext! (1,,4;) = ®(4, B).

Part (iii) of this proposition shows that @ is determined by GF. Since the category € is
abelian it is usually more convenient to use GF rather than F. In particular when GF is
exact, (iii) shows that a simple extension A* is in @ if and only if GFA* splits.

14. THE EXISTENCE OF INJECTIVES

We use the notation of the preceding section. By definition Homg ( , GB) is exact on ®
for any B in D. So the objects GB are ®-injectives. In particular, if 4 belongs to €, then
GFA4 is a ®-injective. From (13-2) it follows that x4, is a monomorphism if, for each X'in ¢,

F: Homg (X, 4) - Homg (FX, FA)

26 VoLr. 254. A.
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is an injection. Further, (13-3) shows that F(x,) has a left inverse, and so by proposition
13-3 u, is a ®-monomorphism if it is a monomorphism. Hence we have proved:

Proposition 14:1. If F: Homg (X, A) - Homg, (FX, FA) is an injection for each X and A
in €, then each A in € has a ®-injective representation

0> A - GFA — Cokerpu, — 0.

When g, is not a monomorphism, then we have:

Prorosition 14-2. If © is an E-functor on € containing @, there exist sufficient ®-injectives,
and ker p, is a @-morphism for each A in €, then € has sufficient ®-injectives.

Proof. Let A belong to €, and write 4’ for Ker ;. Then there exists a ®-monomorphism
of A’ into a @-injective 4,, and since 4, is injective over keru, we have a commutative

diagram 0= A' > A — GFA

Voad |
A, = Q> GFA

in which @ = 4,®GFA, and « is a monomorphism. The commutativity shows that « is
a right factor of u,. Since F(u,) has a left inverse, /'(«) has a left inverse. So by proposition
13-3,  is a ®-monomorphism. Hence there exist sufficient ®-injectives.

When an E-functor is defined as an intersection of E-functors we have:

ProrosiTioN 14-3. Let € be an abelian category with arbitrary direct products. If {®} is a set of
E-functors defined on €, and each member has sufficient injectives, then N O, has sufficient injectives.

Proof. Let A belong to € and y; be a ®-monomorphism of 4 into a ®-injective M. Write
M for 1IM,, and let x be the monomorphism of 4 into A with components g. Since A is
a ®-injective, M is a ®-injective, where ® is N ©,. Since g, = m;4, where m, is the canonical
projection of M into M, and y; is a ®-morphism, axiom (d) for h.f. classes shows that x is
a ®-morphism. Hence x4 is a ®-monomorphism, and the proposition is proved.

15. E-FUNCTORS DEFINED BY A SET OF OBJECTS

Let € be an abelian category admitting infinite direct sums and P be an object of €.
Write @,(X, Y) for the subclass of Ext! (X, Y) represented by simple extensions on which
Hom (P, ) is exact. By applying proposition 13-1 to 7'= Hom (P, ) and U = Ext! (P, ),
we see that @, is a closed E-functor. We shall call ®, the E-functor with a given projective
P. If {P} is a set of objects, then we call N @, the E-functor with a given set of projectives
{P}. Since Hom (XF, ) is exact on 4* if and only if each functor Hom (£, ) is exact on 4%,
the E-functor N @, is identical with @, where @ = 2F,. So we need only discuss the pro-
perties of E-functors defined by a single object.

Let D be the category of sets. Then Homg (P, ) determines for fixed P a covariant functor
from € to D. Denote this functor by #,. For each B in D define G, B to be P®), the direct sum
of a set of copies of P indexed by the set B. Then G, can be regarded as a functor from D
to €. By the definition of a direct sum (Grothendieck 1957) there is a natural bijection

Homg (P®, 4) - TT Home (P, 4),
B
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where [T denotes the product of a set of copies indexed by B. But ] may be identified with
B B

Homg (B, ). So we have a natural bijection
Homg (GpB, 4) - Homg, (B, Fp A4).

Thus G, is a left adjoint of F,, and F, is a right adjoint of G,, and to apply the theory of
§§13, 14 it is only necessary to dualize € and D. Let @, be the E-functor obtained by the
construction of § 13, suitably dualized, from F, and G,. By definition A* is in ®, if and only
if Homg (G, B, A*) is exact for all sets B. But G, B is just a direct sum of copies of P. So 4*
is in @} if and only if Homg (P, A4*) is exact. Hence ®, and ®}, are identical.

From the definition of a generator (Grothendieck 1957, p. 134) the mapping

Homg (4, B) -~ Homg (Homg (P, 4), Homg (P, B))

is an injection if and only if P is a generator of €. So from proposition 141 we deduce that
¢ has sufficient @p-projectives when P is a generator. If P is not necessarily a generator,
then proposition 14-2 shows that € has sufficient ®@p-projectives if it has sufficient projectives.
Hence we have proved:

ProrositioN 151, There exist sufficient @p-projectives in € if: (1) P is a generator of €; or,
(i1) & has sufficient projectives.

As a first application of this construction we show that not all closed E-functors are
central.

Lemma 15-1. If § is an abelian category, and A, P are objects of & such that Ext! (P, 4) = 0,
Ext? (P, A) == 0, then ®p 1s not a central E-functor.

Proof. By proposition 10-2 it is sufficient to find an element of @, on which Ext! (P, )
is not exact. Let z be a non-zero element of Ext? (P, 4) and

0-4A5X>Y—->P->0
be an extension representing z. Let x and y be the classes of
0>4—-X->B-»0 (%), and 0->B—->Y—+P->0 (7),

where B = Coker a. We shall show that #is a simple extension with the required properties.
Since Ext! (P, A) = 0, the sequence Hom (P, %) is exact. So # belongs to ®,. The sequence

Ext! (P, X) > Ext! (P, B) — Ext? (P, A)

is exact, the image of the element y of Ext! (P, B) is xy, and xy = z # 0. Hence the functor
Ext! (P, ) is not exact on #. So # has the required properties, and the lemma is proved.

The hypotheses of the lemma can be satisfied by taking € to be the category of unitary
G-modules, where G is the group of order 2, and the objects P, 4 both to be the rational
integers Z with G acting trivially. Since Ext! (Z,Z) vanishes, and Ext?(Z,Z) is non-
vanishing (Cartan & Eilenberg 1956, p. 251), the lemma shows that @, is not central. Also
¢ possesses sufficient projectives and injectives, and by proposition 15-1 @, possesses sufficient
projectives. Thus we have constructed an E-functor with sufficient projectives which is
not central, on a category with sufficient projectives and injectives.

26-2
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16. ConpITIONS FOR @ TO BE CENTRAL IN ®

Let € be an abelian category, D be a category, and let F, G, and ® be asin § 13. Weshall
obtain conditions for @ to be central in a given E-functor ® containing it.

ProrosiTION 16:1. Let © be an E-functor containing ® such that ker u, is a O-morphism for
all Ain €, and © has sufficient @-injectives. Then @ ® < ©- O if GEA* is in O whenever A* isin 6.

Proof. Since @ has sufficient injectives (by proposition 14-2), proposition 10-3 shows that
it is sufficient to prove that, if P is a ®-injective and

0>P->M-—=>Q—0

is a ®@-injective representation of P, then @ is a ®-injective. By the construction of pro-
position 14-2 there exist ®-injectives P, @, and morphisms p, o of P, @ into P, @, such that
P ® fip, 0@, are ®-morphisms. Since P, is a ®-injective there exists a morphism 7 of M into
P, ® @, making the diagram

0— P > M — Q -0

v v v
0> P®@GFP > P,®Q,®GFM > Q,®GFQ > 0

commutative, where the columns are p ®pp, 7@ t,,, and ¢ @ y,. The functor GF' transforms
® into itself, so the bottom row is in ®. Since the bottom row is exact 7®g,, is a mono-
morphism. Furthermore lemma 7-1 (ii) shows that 7®u,, is a ®-monomorphism. So
applying Hom (X, ) to the above diagram gives an anticommutative diagram

Hom (X, B) - O(X, 4)
} v
OX,Q) - OX,P),

where 4 and B are the cokernels of p@u, and e ®pu,. Since P is a ®-injective, and p @ up is
a ®-monomorphism, p@ upsplits. So the second column of this diagram is the zero morphism.
The bottom row is an isomorphism, since A is a @-injective. So the anticommutativity
shows that the image of Hom (X, B) in ®(X, @) is zero. Since X is arbitrary, this shows that
7 ® py splits. Hence @ is a direct factor of a ®-injective, and the proposition is proved.

ProrosIiTION 16-2. Let O be an E-functor with sufficient projectives which contains ®. Then
O-® = -0 if GFA* is in O whenever A* is in ©).

Proof. By the dual of lemma 9-1 it is sufficient to show that, if P* is in @, and
0= Q* - R* > P*¥ >0

is an exact sequence of ®-morphisms of simple @-extensions in which R? is ®-projective,
then @* is in @. From proposition 13-3 this is equivalent to proving that GFQ* splits.

Write # for the epimorphism of R onto P%. Since R* is in ® and R%is a ®-projective, 31 has
a right inverse p, say. Also since P* is in @, F&9 has a left inverse A, say. The product
AF(m') F(p) is a morphism of FR? into FP°. First we show that there is a morphism ¢ in
Homg (FR?, FR) such that F(n%) & = AF () F(p).
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Since GFn® is a ®-epimorphism, and R? is ®-projective, the mapping
Homg (R?, GFR®) -~ Homg (R?, GFPY),
is an epimorphism. So the adjointness of /' and G shows that the mapping
Homg, (FR?, FR®) - Homg, (FR?, FPY),

induced by F(7°) is a projection. Hence ¢ exists.
From what we have proved the diagram

0 - GFQ* —~ GFR* — GFP* — 0

has the following properties: GF(d3) has a left inverse G(d); GF(d%) has a right inverse
GF(p); there exists a morphism G(¢) of GFR? into GFR® such that

GF(n°) G(0) = G(A) GF(n') GF(p).
So to complete the proof that GFQ* splits it is sufficient to show:
LemMa 16-1. If A*, B*, C* are simple extensions in an abelian category, the diagram
0—> A% & B* % C* 5 0

is exact and commutative, and there exist morphisms f, y, and o such that f is a right inverse of 8}, y is
a left inverse of 02, and V00 == yv'f, then A* splits.

Proof. To show that 4* splits is sufficient to show that 0} has a right inverse which maps
the image of #? into the image of 4!. Let { = f—030. Since 830} = 0, and §is a right inverse
of 83, the morphism { is a right inverse of 4. To prove that { maps the image of 42 into the
image of 4! it is sufficient to show that »'{u? = 0, for the diagram is exact. We have

Vi(ut = vi(f—d30) g
= Vfu2 —621%u2, by commutativity,
= VBt — oGV,

Since y is a left inverse of 0% and € is abelian, C* splits. So there exists 9’ such that

0xy+vy'0¢ = L.
Hence ViU = y'0kv!fu?
= y"v20L6u?, by commutativity,
= 7'v2u?, since d3f =1,

= 0.
So the lemma is proved. ‘

ProrosiTiON 16:3. Let @ be an E-functor containing ® such that € has sufficient ®-injectives
and ker p, is a @-morphism for each A in €. Then ® is central in © if GFA* is in © whenever A* is
in O, and GFM is a O-injective whenever M is a ®-injective.

Progf. By proposition 16:1 @+ ® < ®-@. So it remains to be proved that ®-0 < @ ®.
Since € has sufficient ®-injectives, proposition 14-2 shows that it has sufficient ®-injectives.
So by lemma 9-1 it is sufficient to show that if 0 — P* — Q* — R* — 0 is a commutative
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and exact diagram of ®-morphisms with Q° a ®-injective and P* in ®, then R* isin ®.
Since GF transforms @ into itself, the diagram

0 - GFP* — GFQ* — GFR* - 0

is a commutative and exact diagram of @-morphisms. So by applying Hom (X, ) we obtain
an anticommutative diagram
Hom (X, GFR?) -~ O(X, GFP?)
¥ ¥
O(X,GFR") — Q*X, GFPY).

Since QY is a ®-injective and P* is in @, GFQ?is a O-injective and GFP* splits. So the bottom
row is an isomorphism and the right-hand column is the zero morphism. Therefore the
left-hand column is the zero morphism. Hence GFR* splits. Thus R* is in @, and the
proposition is proved.

17. A CANONICAL COHOMOLOGICAL E-FUNCTOR FOR SHEAVES
First, we recall some results on morphisms of sheaves of rings from Chevalley (1958/59).
Let # and ¥ be sheaves of commutative rings over spaces X and Y. Let f be a morphism of
& into % ; then f consists of a continuous mapping of ¥ into X (also denoted by f) together
with homomorphisms, which commute with the restriction homomorphisms,

Jor 2(U) =& (f71(U))
defined for each open set U of X, where Z (U) is the ring of sections of # over U. Write /%
for the direct image of an #-module %, and f'.« for the inverse image of an Z-module /.
Then the following proposition is known:

ProposiTionN 17-1.  There ts a natural isomorphism
Hom,, («, f,%#) ~ Homy, (f' +,%).

We shall also need a localized form of this proposition. Write #oum,, (</,s/") for the sheaf
of germs of local homomorphisms of an Z-module #/ into an #Z-module «/’. Then by
applying the preceding proposition to the sheaves o/, and %, obtained by extending the
restrictions of & and # to U and f~1(U) by zero, we deduce

Prorposition 17-2.  There is a natural isomorphism
Homg (4, ,B) = f Hoomy (' 4,5).

Let © be the category of Z-modules on X. We shall show how to construct an E-functor
Q,, on € which transforms cohomologically; that is f induces a natural transformation of
Q,, into L,.

Let W be the set of points of X with the discrete topology, and @ be the set of rings {Z,}
indexed by X. Then @ is a sheaf of rings over I/, and there is a canonical morphism j of ¢
into Z. A Q-module B is a set of Z,-modules B, indexed by X. From proposition 17-1 there
is a natural isomorphism

Hom.% (M: TB) = HomQ (U% B) = H HomF/Zx (%9 Bx))

x€X
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where T = j, and U =j'. Let Q, be the E-functor representing simple extensions of & on
which U splits; that is, o * € Q,, if and only if «7* splits for each x in X. The mapping

Homy, («4, #) - ] Homy, (<, %,)

x “x
xeX

is an injection. So from proposition 14-1 €, has sufficient injectives, and

o - TUA

is an Q ,-monomorphism of:/ into an Q-injective. Itis clear that 77U is the sheaf CO(X; o)
defined in Godement (1958, p. 167). So the resolution obtained by iterating this construc-
tion is the ‘canonical resolution’ defined there.

Now we show that finduces a natural transformation

Of(t,8) > Qb ([, ' #).

Let #* be an Q-injective resolution of #. Since (f'%), =&, ®4%,, wherex = f(y),
S #% splits. So f' #* is an acyclic Q -complex over f'#. Therefore the identity morphism
of f'% can be covered by a morphism y of f'#* into an Q-injective resolution of f'%, and
y is determined up to homotopy. Then y induces a morphism

Ht(Homy, (f'<, ['3%*)) - Qb ([, /%),

where H? denotes the operation of forming the pth cohomology group of a complex. Now
/' induces a complex morphism of Hom,, («/,%*) into Hom,, (f'<, /'#*), and hence a
morphism Q4 (4,%) — H(Hom, (f'/, ['#%)).

By combining the two morphisms we obtain a morphism of Q% (£, %) into Q4(f' <, f'#)

which can be verified to be the value of a natural transformation.
For some sheaves o/ the group Q4(#,4) is a cohomology group, in fact:

ProrosITION 17-3. If o/ is pseudo-coherent, HY (X ; Homy (A, B)) = Qb(4,5).
Progf. Let o/ be pseudo-coherent. Then proposition 4:11 of Grothendieck (1957) states
that Homy (Ust, UB) = U Homg (4,%B).
So together with proposition 17-2 this gives natural isomorphisms
Homg (A, TURB) = T Homy(Ust,UB) = TU Homgy (4, %).
Let#* be the canonical resolution of #. We have remarked that #* is obtained by iterating

monomorphisms of the form F > TUR

so the isomorphism between Hom,, (7, TUB) and TU Homy (4,8 ) shows that Hom,, (£, B*)
is the canonical resolution of #om, (+/,%#). Since the pth cohomology group of a sheaf %
is the pth cohomology group of the complex obtained by applying the section functor I’
to the canonical resolution of %,

HO(X; Homgy (4,8)) = HO(T Hom (4, 5%)).

But I'#%» ~ Hom. So the second member is Q4(/,%), and the proposition is proved.
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Finally, we obtain a condition for €, to be central. The functor U is clearly exact, and
T is exact since inductive limits of exact sequences are exact. So 7U is exact, and pro-
position 16-1 with ® = Extl,, and ® — Q,, shows that

Q- Extl, > Extl-€),.
We do not know whether the reverse inclusion holds in general. However, suppose that #
is a coherent sheaf of rings. Let # be an injective sheaf. From Grothendieck (1957%)
2 is an injective Z -module. So U# is an injective ¢-module. The natural isomorphism
Homy, («, TU#) ~ Hom,, (Us?, U%)

and the exactness of U show that TUZ is an injective Z-module. We have already seen that
T'U is exact, so proposition 16-3 shows:

TrEOREM 17-1. ), is central if R is coherent.

18. A CANONICAIL HOMOLOGICAL E-FUNCTOR FOR SHEAVES

Let # be a sheaf of rings over a space X, and € be the category of Z-modules. We shall
construct an E-functor A, which transforms homologically and obtain spectral sequences

WhAL(S,) = Exty (4,8) and L4 Q4(£,9) = Ext (,9),
V4

where L, denotes the class of A,-projective resolutions and W, denotes the class of €2,-
injective resolutions defined in the preceding section.

Let D be the category of sheaves of sets over X. To construct A, we shall obtain a pair of
adjoint functors F, G from ¢, D to D, €. Let F be the functor which associates with an
#-module &7 the underlying sheaf of sets £7. Denote the set, ring, or module of sections of
a sheaf.sZ of sets, rings, or modules over U by .« (U), and denote the free module generated
over a set Z by a ring J by J{Z}. Let # be a sheaf of sets. Define G# to be the Z-module
associated with the presheaf consisting of the modules Z(U) {#(U)} and the natural restric-
tion homomorphisms. It can be verified that a morphism « of D induces a morphism G(«)
of ¢, and that G is a functor.

ProrosiTiON 18:1. There is a natural byjection.
w: Homy, (G%,) - Homg, (%, Fs).

Proof. Let pe Hom, (G#,). Since G# is determined by the presheaf formed by the
modules Z(U) {#(U)} and the natural restriction homomorphisms, p is given by a unique

family of morphisms oy R(UY{B(U)) a2 (U)
commuting with the restriction homomorphisms. Since Z(U) has an identity we may
identify 2 (U) with a subset of Z(U) {#(U)}. Let the restriction of p, to this subset be
oy B(U) - (U).
The mappings ¢,, commute with the restriction mappings of %, for the p;, commute with the

restriction homomorphisms of G#. So thc family {¢,} determines an element ¢ of
Hom,, (#,Fs/). Define v by w(p) = . Conversely, let ¢ € Hom, (%, F</). Then o is deter-

mined by a family of mappings oy BU) = (U)
Ut
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commuting with the restriction mappings. The ¢, have unique extensions to homo-
morphisms put A(U) (@B (U)} > (U),
and these homomorphisms commute with the restriction homomorphisms. So the family
{py} determines an element p of Hom,, (G#,.%). The constructions of p from ¢ and ¢ from
p are mutually inverse. So w is one-one. The naturality of w can be easily verified.

Let A, be the E-functor representing the simple extensions .o * in € for which F(d}) has
a right inverse. The mapping

Hom,, (%#,#) — Home, (F#,FL)
is an injection. So from proposition 14-1 € has sufficient A -projectives, and
GFsof — s

is a A -epimorphism of a A -projective onto /.

Let f be as in § 17. We show that finduces a natural transformation

AL(4, B) > Moy (14, /1)

Write F for the functor which maps an.¥-module to a sheaf of sets on Y. Since f, F' = Ff,,
it follows that F,(a) has a right inverse when F’(«) has a right inverse. So f; is exact on A,
and maps it into A,,. Let o/, be a A -projective resolution of «7. Then f,.+7, is an acyclic
A -complex over f, . Hence the identity morphism of f, &/ can be covered by a complex
morphism y (determined up to homotopy) of a A -projective resolution of f,.7 into f.27,.
So y induces a morphism

Hr(Homy, (/14,1 B)) > Ny(f1:, 1, B).
Now £, induces a complex morphism of Hom,, (%7, %) into Homy, ( f,#, f| %), and hence
@ morphism AL (o4,8)  HY(Homy(fi# 4o /i 9)).

By compounding these two morphisms we obtain a morphism of A%, (<7, %) into A%( f,+, f,#)
which can be verified to be the value of a natural transformation.

Write K, for the class of injective resolutions of Z-modules. We shall obtain the two
spectral sequences from:

Prorosrtion 18:2.  The exact couple functors (W, K,) Homy, and (W« L,) Homy, are
isomorphic.

Proof. In the corollary to theorem 6-1 take L = K, K’ = L,, K =W, and T = Hom,,
To prove the proposition it is sufficient to verify that

Hom, - LY Hom,, and Hom, > K} Hom,
are isomorphisms, and
Kt Ly Hom, ( , ) = L4 K, Hom,( , ) =0

for ¢ > 0, and any Qg-injective o. Since Hom,, is left exact the above transformations are
isomorphisms. If .# is an injective #Z-module, then Hom,( ,.#) is exact, and so
Ly Homy, ( ,.#) =0 for ¢>0. Hence K4LjHom,=0, for ¢>0. To prove that

24 Vor. 254. A.
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Lt K4, Homy, ( ,) vanishes for Q-injectives.#Z it is sufficient to show that K¢ Hom,, (%,+/)
vanishes when # is a A -projective and .7 is an ) -injective. Since K¢, Hom,, is Ext?, the
proposition follows from:

Lemma 18-1. Ifo is Qg-injective and B is A -projective, then Ext?, (#,54) = 0 for ¢ > 0.

Proof. Since « is () -injective, it is a direct summand of 7TUs/. Similarly # is a direct
summand of GF#. So it is sufficient to show that Ext¢, (G%, 72) vanishes for all sheaves of
sets %, and families of Z -modules 2. Let .#* be an injective resolution of 2. Then T.#*
is an injective resolution of 7% (Godement 1958, p. 260). Hence

Exty, (G¥, T2) ~ H? (Hom,(G%, T.#*))
= HY(Il Homy, ((G¥),,4})),
by the adjointness of 7"and U. So, since H? commmutes with II,

Ext} (G%, T2) = 11 Exty, ((G¥),,2,).

x€X

Since (G%), =1limZz(U){&(U)} = 1lim2(U) {lim% (U)} = 2{%,},
xeU xeU x€U

it follows that Ext, ((G%),, Z,) vanishes. So Ext% (G%, T2) vanishes. Thus the lemma and

the proposition are proved.

Since the total homology term of (W, K,;) Hom is Ext,, it follows from the proposition
that the total homology term of (W, L,) Hom,, is also Ext,. So the spectral sequence
terms of the exact couple (W, * L,) Hom,, give the first of the spectral sequences of this
section. Further, (L,* W,) Hom, and (W,x L,) Hom, have a common total homology
term, and the spectral sequence terms of (L, * IW,) Hom,, yield the second of the spectral
sequences.

19. THE CENTRE OF A CATEGORY

We associate with an abelian category a commutative ring called its centre, and then
show that each ideal of the centre determines a pair of adjoint functors.

Let € be an abelian category. We call a class 7 = {r,} je¢ of morphisms 7, in Hom (4, A)
such that )

rgé =§&r, for ¢in Hom (4, B) (19-1)

an endomorphism of €. The endomorphisms of € form a ring (addition and multiplication
being defined by components) of which the zero and identity are the endomorphisms
0 = {0,}ec and 1 = {1} ,c¢, respectively. We denote this ring by R¢, and call it the centre
of €. The formula (19-1) implies that the centre is a commutative ring.

Let O be an E-functor on € and xe ©"(4, B), where n = 0. If re R, the properties of
an E-functor show that 7, x and x7, belong to 0"(4, B).

Lemma 19-1. 7px = a7,

Proof. By (19-1) the lemma is true for n = 0. Suppose n = 1, and let

0-BL X% 450
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by a representative of x. By (19-1), frp = ryf and ary = r,a. So the diagram

Hom (4,4) - 0(4, B)
rad rsd
Hom (4,4) - ©(4, B)

commutes, and equating the images of 1, shows that 7,x = xr,. Now suppose that n > 1.
Put x = y-z with zin 0(4, C) and y in @~ 1(C, B). Then

Xry=y-zry=y-1,z=yr,z and 7rpx=rzy-z.

Since y is in ©@*~1(C, B) the lemma follows by induction on 7.

For each pair of objects 4, B we can convert the abelian group (4, B) (z > 0) into a
left Rg-module by defining 7x to be rzx (r€ Rg and x € ®*(4, B)). Similarly, setting xr = xr,,
we endow ©*(4, B) with the structure of a right R¢-module. By lemma 19-1

TX = TgX = XIy = XT. (19-2)

It follows that we may refer without ambiguity to the Rg-module structure of ©7(4, B).

Finally, we show that this module structure is natural in the sense that it commutes with
the operations of addition and (Yoneda) multiplication in the ringoid of ®. First, let
re Rg and x,y e O*(4, B). Then x-+y is defined, and

r(x+y) = rp(x+y) = rygx—+rgy = rx4ry.
Next, let x € ®*(4, B) and y € ®(B,C); then y-x e ©@™7(4,C). Using (19-2) one verifies
easily that r(y-x) = (ry) -x = y- (rx) whenever r € R¢ (their common value will usually be
denoted by ry-x). So it follows from § 1 that the homomorphisms in the connected sequences

(over ©) of {®"} ., are homomorphisms relative to the R¢-module structure. We state this
fact as:

Proposrtion 19-1. {0, is @ O-connected sequence of functors with values in the category of
Rg-modules.
Let 7 be an ideal of a subring R of Rs which has a sef of generators. If € admits arbitrary
direct sums and products (or if / is finitely generated), we can associate with each object 4
an epimorphism «(4): A4 — A! = infCokerr,
rel

and a monomorphism «;(4): infKerr, =4, A.
rel

It is easy to verify that 47, A; are the values of covariant additive functors F, G: € - G,
and that F is right exact and G left exact.

ProrosiTiON 19-2. There is a natural isomorphism
w: Hom (41, B) - Hom (4, B,),
defined for all pairs of objects A and B in €.

Proof. Let ae Hom (47, B). Then rax!(4) = ax?(4)r for re R. The definition of 4!
implies that k/(A4) 7 == 0 for all 7in 1. Hence rax!(A4) = 0 for all 7in /. Then it follows from the
definition of «,(B) that there is a unique morphism w(a) of Hom (4, B;) for which

27-2
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k;(B)w(a) == ax’(4). This defines w, and by a similar construction one obtains a map
o': Hom (4, B;) - Hom (47, B) such that x;(B)f = o'(f) ’(4) for all § in Hom (4, B,).
The proof that o is a natural homomorphism with & as a two-sided inverse is easy, and we
omit it.

An object A4 such that «/(4) and «;(4) are isomorphisms will be called I-frivial. Clearly,
for all objects 4, both A4, and A’ are I-trivial, so we may identify the class of I-trivial objects
of € with the classes {47: 4e €} and {4,: 4 € §}. Let ¥, be the E-functor with the /I-trivial
objects as injectives, and 7 be the E-functor with the I-trivial objects as projectives. Then
W, is the E-functor with the G4, for all 4 in €, as injectives. By proposition 19-2 F and G
are adjoint functors. So ¥, is the E-functor obtained by the construction of § 13. Similarly,
since W7 is the E-functor with the F4 as projectives it may be obtained by the dual con-
struction.

Put /B = sup Im7,. Then IB is the kernel of /(B). Hence the sequence

rel

Ext! (4, IB) - Ext! (4, B) - Ext! (4, BY)
is exact. So from the corollary to proposition 13-3
W1(4, B) = Im [Ext! (4, IB) - Ext! (4, B)]. (19-3)
Similarly W, (4, B) = Im [Ext! (41, B) — Ext! (4, B)], (19-4)

where Al = sup Coimry,.
rel

Let § be a ring with centre Z and € be the category of left S-modules. Every element z of
Z determines a ‘left translation’ z, in Homy (4, 4), and {z,} belongs to R¢. It can be easily
verified that the mapping z — {z,} is a monomorphism of rings. That it is an isomorphism
can be proved by observing that an element of R is determined by its effect on the free
S-modules (for any module can be expressed as a factor of a free module), and this is deter-
mined by its effect on §. So R¢ may be identified with Z and R with a subring of Z. It can

be verified that A= RII@ A, 14 —Tm[I® A 4],
A4, = Homy (R/I,4), Al = Coim[4 — Homy ([, 4)].

20. HEREDITARY CATEGORIES

Let R be a subring of the centre of an abelian category € and 7 be an ideal of R. We

assume that R is a set. Put Ext' — Im [I®Ext! - Ext], (20-1)

where the homomorphism is given by r®a - ra. Then IExt! is an E-functor. We shall
relate 7 Ext! with the E-functors Y7 and ¥, defined in § 19. If Ext} vanishes, then we call
C hereditary. The main theorem of this section is:

TuEOREM 20-1. If I is a direct summand of R, or I is finitely generated and projective and § is
hereditary, then W7 = [ Ext' = ¥,

First we construct a theory of tensor products of R-modules and objects of €. We call an
R-module M pseudo-noetherian if there exists a homomorphism with cokernel M of one
finitely generated free module into another; that is, M has a finite set of generators whose
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relations are finitely generated. The pseudo-noetherian R-modules together with their
R-homomorphisms form an additive category. When R is noetherian this category is also
abelian, but we shall not need this restriction on R.

ProrposiTiON 20-1. Let Ae €. There exists a unique additive covariant functor T, from the
category of pseudo-noetherian R-modules to & such that:
(1) T,R = A; (11) if pe Homy (R, R), then T,(p) = p(1),, (1i1) T is right exact.

Proof. Define T, R and T(p) for p in Homy (R, R) by (1) and (ii). Then 7} is an additive
covariant functor on the category consisting of R and Hom, (R, R). For

(pt0) (V)4 = (p(1) +0(1))4 = p(1) 4+ (1),
and (po) (V)4 = p(o (1)), = (p(1) 0(1))4 = p(1) 47 (1) 4

Next 7, extends uniquely to a covariant additive functor on the category of finitely gene-
rated free R-modules. Let M be a pseudo-noetherian R-module. Then it is the cokernel of
a homomorphism ¢ of finitely generated free R-modules. By the standard theorems on
lifting morphisms to free complexes Coker 7)(9) is independent of the choice of §. Define
T M to be Coker T,(d). If a is a morphism of pseudo-noetherian R-modules, then define
T,(«) to be the morphism induced by lifting «. The same theorems show that 7),(«) is deter-
mined up to isomorphism, and 7, is an additive covariant functor.

To see that (iii) holds we use the theory of Cartan & Eilenberg (1956, chap. 5, § 5). The
definition of L, 7}, shows that L,T,M ~ CokerT,(d). Hence L,7, ~ T,. So T,is right exact.

To prove uniqueness, let U, be a covariant additive functor which satisfies (i), (ii) and
(1ii). Since it satisfies (1) and (ii) it coincides with 7); on the category of finitely generated

free R-modules. Hence L,U, and L,7), are isomorphic. But U, and 7, are right exact.
SoU, =~ T,

Proposrrion 20-2. Let A, B belong to &. There exists a natural transformation of functors y
(depending on A, B) given by homomorphisms

Xar: MExt (4, B) - Ext" (4, Ty M)

Jor each pseudo-noetherian R-module M. If M is finitely generated and projective, then y,, is an
isomorphism.

Proof. Tt is sufficient to define x,. For then y can be defined on the finitely generated free
R-modules by addition of components, and on the pseudo-noetherian R-modules by expres-

sing them as factors of finitely generated free R-modules. Define y, by yz(r®a) = ra. Let
p e Homy (R, R). Then

Xr(p®1) (r®a) = xx(p(r)®a) = p(r) a = p(1) yra = Ty(p) xx(r®a).

So X is a natural transformation. It is clearly a homomorphism. Thus the existence of y
is proved.

Since R has an identity yj, is an isomorphism. So y is an isomorphism for any finitely
generated free module. Let M be finitely generated and projective. It is direct summand


http://rsta.royalsocietypublishing.org/

/|
A X

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

JA \
,’,/ A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

208 M. C. R. BUTLER AND G. HORROCKS

of a finitely generated free R-module L, and so pseudo-noetherian. Hence y,, is defined.
Since y, is an ismorphism, and M is a direct summand of L, ,, is an isomorphism.

Let I be an ideal of R with a finite set of generators 7 (i = 1, ..., N). Then I4 = sup Im 7.
We prove:

ProrositioN 20-3. If I is pseudo-noetherian, then IA = ImT,(7), where j is the inclusion of
I R.

Proof. Let M be the free R-module with a basis m? (¢ = 1, ..., N). Define a homomorphism
p of M onto I by p(mi) = ri, and put ¢ = jp. Since T, is right exact, 7,( p) is an epimorphism.
So Im7,(¢q) =Im7,(s). But Im7,(q) is sup Im7,(¢), where ¢ is the restriction of ¢ to
Rmi. By proposition 20-1 (ii), Im 7 (¢') = Im7. So the proposition is proved.

We have now an adequate theory of tensor products for the proof of theorem 20-1. From
proposition 20-2 we have for each pseudo-noetherian ideal / a commutative diagram

[®Ext! (4, B) - R®Ext! (4, B)
Xry Xry (20'2)
Ext! (4,7,]) - Ext! (4, B)

in which y, is an isomorphism. The bottom row has a factorization
Ext! (4, T,I) 5 Ext! (4,IB) — Ext! (4, B).

From (20-1) the image of I@ Ext! (4, B) in Ext! (4, B) is I Ext! (4, B), and from (19-3) the
image of Ext! (4, B) in Ext! (4, B) is Y/(4, B). So W!(4,B) and IExt! (4, B) coincide if
ay; is an epimorphism. Proposition 20-2 gives a criterion for y, to be an isomorphism.
It remains for us to obtain a criterion for « to be an epimorphism. The homomorphism «
isinduced by the morphism coim 75(j), where j is the inclusion of /in R. Write Torf (R//, B)
for Ker T,(s). By applying Hom (4, ) to the exact sequence

0~ Torf (R/I,B) - Tyl — 1B — 0,
we obtain an exact sequence
Ext! (4,T,I) > Ext! (4, IB) — Ext? (4, Torf (R/1, B)).
So « is an epimorphism if Ext? (4, Tor® (R/1, B)) = 0. Thus we have proved:

ProrosiTion 20-4. WI(A4, B) = [Ext! (4, B) if I is a fimitely generated projective ideal and
Ext? (4, Torf (R/I, B)) = 0.

The corresponding result for ¥, follows by replacing € by its dual D, and observing that
Rs¢ = Ry and [ Extl = I Extl,. So with Ext} (R/I, B) for the dual of Torf (R/I, B), we have:

Prorposirion 20-5. W, (4, B) = IExt! (4,B) if I is a finitely generated projective ideal and
Ext? (Ext}k (R/I,B), 4) = 0.

We now deduce theorem 20-1 from propositions 20-4 and 20-5. Suppose € is hereditary
and / is a finitely generated projective ideal. The conditions of these propositions hold for
all 4 and B in €. So V7, ¥, and /Ext! are identical. Now suppose [ is a direct summand
of R, and letj be the inclusion monomorphism of 7into R. Then 7,(j) is a monomorphism.
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So Torf (R/I, B), which was defined to be Ker7}(s), vanishes. Similarly Ext} (R/I, B)
vanishes. Hence the two propositions show that V7, ', and /Ext! are identical.

Let € be the category of modules over a ring §. In the preceding section it has been shown
that R¢ is the centre of S. By the uniqueness statement of proposition 20-1 the functors
T, and ®, 4 can be identified. So Torf (R/I, B) has the usual meaning, for it was defined
to be the kernel of 75(j), where j is the inclusion monomorphism of / in R. Similarly
Ext} (R/I, B) has the usual meaning. The diagram 20-2 is valid without restricting I to
be pseudo-noetherian, since tensor products are defined for all R-modules, but we cannot
relax the condition that 7 is finitely generated in propositions 20-4 and 20-5.

Let S be a Dedekind domain—that is, a hereditary integral domain. Choose R = §.
Each ideal of R is projective and finitely generated (Eilenberg & Cartan 1956, chap. VII,
§§ 3, 5). Let S be a non-empty subset of non-zero ideals of R. By theorem 20-1 the E-functors
Y1, ¥, and I Ext! have a common value. Write ¥ for the common value of

NY, NY¥, and N /Ext.

Ieg Ieg Ieg
Let S* be the set of ideals of R with the property: J belongs to S* if and only if it contains
an ideal of S. We shall prove that:

(1) Wis the E-functor with all R/J (J € ©*) as projectives;

(2) Wis the E-functor with all R/J (J € ©*) as injectives;

(3) Pis W-projective if and only if Pis a direct sum of ideals of R and modules isomorphic
to R/J, where J € S*;

(4) @ is W-injective if and only if @ is a direct factor of a direct product of injectives and
modules isomorphic to R/J, where J € &*;

(5) W2 =0.

Proof. Let Z, 11 be the E-functors with all R/J (J € &*) as projectives, injectives respec-
tively. Then (1) and (2) are equivalent to ¥ = 2 and ¥ = II. Write C(S) for the class of
all modules A which are I-trivial for some 7 in &. Then, from the definitions, ¥ is the
E-functor with the modules of C(S) as projectives, or as injectives. If J e S* then
R/J € C(3). Hence Z-projectives are W-projective, and Il-injectives are P-injective. So
we obtain inclusions Yoy, Well

To obtain the reverse inclusions we use the theory of modules over Dedekind domains. Let
A e C(S) and I be an ideal of S such that 4 is /-trivial. Then 4 may be regarded as a module
over R/I. By hypothesis 7 == 0. Hence (Zariski & Samuel 1958) R/l is a principal ideal
domain, and has only a finite set J;/I (: = 1, ..., k) of distinct ideals, where the J; are ideals
of R which contain / and, hence, belong to ©*. An R/I-module is a direct sum of copies
of the (R/I)/(JJI) =~ R/J; (Kaplansky 1954, theorem 6). So A may be expressed as a direct
S A=4®..04,

where 4; is a direct sum of a set | 4,| of copies of R/J;. Hence 4 is Z-projective. Since 4 is an
arbitrary member of C(S) it follows that W-projectives are X-projectives, and so V' > 2.
Now let 4, be a direct product of a set |4,] of copies of R/J.. Then 4, is again a direct sum of
copies of R/J; (by the preceding structure theorem of Kaplansky), so 4; is one of its direct
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summands. Hence 4 is a direct summand of the Il-injective module IkT 4;, from which
we deduce that ¥ > II. -

This completes the proof of (1) and (2). We use (1) to prove (3), (5). By (1), proposition
15-1 (ii), and the projective forms of propositions 14-2, 14-3, each module 4 has a ¥-pro-

Jective representation 0>B>ToU—-A-=0

in which 7 is the direct sum of copies of R/J (J € S*) and U is projective. A projective
module over an hereditary ring is a direct sum of ideals (Cartan & Eilenberg 1956, chap. 1).
Hence the W-projective 7@ U has the structure asserted by (3). Furthermore we may use
theorem 4 in (Kaplansky 1952) to show that each submodule of 7® U is a direct sum of
ideals of R and of copies of R/J (J e S*). So each submodule of 7@ U is ‘V-projective. This
fact implies (5). Finally, let 4 be ¥-projective. Then A is isomorphic to a submodule of
T® U so it has the structure asserted in (3).

(4) follows from (2) just as (3) from (1).

Theorem 20-1, for the category of modules over a Dedekind domain, is essentially due to
Nunke (1959). His discussion uses the fact that ideals of a Dedekind domain are inversible
in the quotient field.

Let R be the ring of integers and &, hence S*, be the set of its non-zero ideals. Then
Y — N nExt!. (1) implies that ¥'(4, B) is the class of ‘pure’ exact sequences

n=1

0>B>C—>4->0

in Prufer’s sense that nCnlIm(B— C) =1Im (nB - C)

for all integers n. The equivalence of these two characterizations of ¥ is proved differently
by Fuchs (1958, §63). The form (3) of ‘pure’ projectives is well-known. The description
(4) of ‘pure’ injectives, and a proof that there are sufficient, is due to Lo$ (1957).

In the next section we give a further characterization of &' as a class of generalized pure
extensions.

21. PURE SUBMODULES AND E-FUNCTORS

The theory of linear equations over modules (Kertesz 1957) forms the basis for a number
of generalizations of Prufer’s notion of a pure subgroup of an abelian group. We shall
express these generalizations in the language of E-functors.

Let R be a ring and F a fixed free (left unitary R-) module. We write g, for the inclusion
map of a submodule G of F into F.

If G is a submodule of F, a G-system of linear equations over a module A is an element ¢ of
Hom (G, 4). The system ¢ is said to be solvable in 4 if ¢ belongs to the image of Hom (g, 1,).
If ' is a family of submodules G of F, we say that a simple extension 4* is [™-pure, or that
0940 is a I'-pure submodule of A%, if

Im Hom (4, 63) = Im Hom (1,09) n Im Hom (g, 1 1) (21-1)
for each G in I'.

ProrositionN 21-1. A simple extension is U-pure if and only if it represents an element of the
closed E-functor ® with the modules F|G (G € T") as projectives.
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Proof. It suffices to prove the proposition when I" has exactly one member G. Let 4* be
a simple extension. Since F is free the commutative diagram

0 0
) 4
Hom (F/G, A') - Hom (F/G, 42)
V }
0 - Hom (F, 4% 4 Hom (F,4') - Hom (F, 42 -0
' ' y

0 - Hom (G, 4% % Hom (G, 4!) - Hom (G, 4?)

has exact rows and columns. Element chasing shows that (21-1) is satisfied if and only if
the first row is an epimorphism. Since the latter is the condition for 4* to belong to ® the
result follows.

Let ¥ be the cardinal number of a free basis of F.

First take I" to be the set of all submodules of . Then A* is a I-pure extension if and only
if each system of linear equations over 09 4° which is solvable in 4! is also solvable in §34°.
For ¥ = 1 this definition coincides with a definition due to Kertesz (1957). For arbitrary
N a trivial modification yields Gacsalyi’s definition of ¥-pure subgroups of abelian groups.
Fuchs (1958) noted the connexion of the latter with E-functors.

Secondly, Cohn (1959) defined §3A4° to be a pure submodule of 4! if V® , A* is exact for
each right R-module V. By his theorem 2-4, this coincides with our definition of I'-pure
submodules if, for any infinite cardinal ¥, we take I' to be the set of finitely generated
submodules of F.

Thirdly, if N = 1 we can identify F with R and I" with a set of left ideals of R. If re R,
an Rr-system of linear equations over a module 4 reduces to one equation rx = a, where
ae 4 and x is ‘unknown’. So if I' contains only principal ideals, a simple extension 4* is
I-pure if and only if there is a set equality 094°n 74! = §97A4° for each r such that Rre I'.
Buchsbaum (1959) gives this definition for I" the set of all principal ideals of a commutative
ring R.

Finally let R be a Dedekind domain and ¥ be the E-functor associated in § 20 with a set
S of non-zero ideals of R. Then W is the E-functor with the modules R/J (J € &*) as pro-
jectives. So by proposition 21-1, ¥"is the class of all *-pure extensions of R-modules.

22. E-FUNCTORS DEFINED BY THE MODULE STRUCTURE OF Ext

In § 19 we showed that an E-functor ® takes values in the category of modules over the
centre R of the category. Hence each element r of R¢ determines two new E-functors 7®

and 0, with values rO(4, B) — Tm [O(4, B) 5> O(4, B)]
and 0,(4,B) = Ker[0(4,B) 5> 0(4,B)].
The main theorem of this section is:

THEOREM 22-1. If O is closed and M is a non-empty subset of R, then
(i) NrO s a closed E-functor;
reM

(ii) Y 0, is a closed E-functor if M is closed under multiplication.
reEM

28 VoL. 254. A.
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First we establish two lemmas.

LemMA 22-1. A4 necessary and sufficient condition for a simple extension A* to represent an element
a = ray of r Ext! (42, A%) is that there is a commutative diagram

048 415 4250
l Yo o dr
0> A0 %8 41 % 42 50
brooda

0->40 % 4125 42 50
in which the middle row represents ay. In addition A, and X may be so chosen that
A =1, ANy=r.

Proof. The first sentence of the lemma is simply a restatement of the case n = 1 of (19-2).
To prove the second consider a diagram of the above form. We show that A may be replaced
by a morphism A" which preserves commutativity and satisfies the two required conditions.

Since Ay 0° = §% = r6% and coker §° = ! there is a morphism x' in Hom (42, A!) such that
Ay = r+p'8. By commutativity 76 = 0144, so 048! = 0. Since 0! is an epimorphism with
kernel ¢° it follows that 4’ = §% for some ¢ in Hom (42, 4%). Hence we have

Ay = r-+8%01. (22-1)

A similar argument shows that AgA = 7489 pdg, (22-2)
where p belongs to Hom (42, 4%). By equating 4(1,4) and (44,) A one finds easily that

U=1p. (22-3)

Now put A’ = A—4%3}. Then it follows from the commutativity of the diagram and (22-1),
(22-2), (22-3) that I’ may be substituted in place of A, and that 'A; =7, ;A" = 7.

Lemma 22-2. If A* is a simple extension, the following statements are equivalent.
(1) A* represents an element of Extl.
(i) 09 is a right factor of 1 4.
(ii1) &% s a left factor of 7 .
(iv) There exist p' in Hom (A1, A%) (i = 0,1) such that 1, = 04p°+p'd}, p°0Y = 14, and

1,1
0ppt =T1p.

Proof. Let A* represent a in Extl. Since ra = ra = ar,, the equivalence of (i) and (ii)
and (i) and (iii) is immediate. Since (iv) implies (ii) it remains to prove that (ii) implies (iv).
Let 0 = p°9 for some p° in Hom (4!, A°). Then 9% = 09r = 703. So,since coker §§ = J},
there exists p! in Hom (42, 4') such thatr,, = 0%p°+p'd}. Hence (r,.—d}p,) 05 = 0 and since
0} is an epimorphism it follows that r,, = §}p!. So the lemma is proved.

Now we prove theorem 22-1. Since the intersection of closed E-functors is closed we need
only prove (i) when A/ has one member r. We shall prove that 7® is closed on the right; there
is a similar proof that it is closed on the left.

Let aye ©(A42, 4% and A* represent a = ra, in r®. Then there is a diagram like that of
lemma 22-1 with 4gAd = rand Ad; = r. Let Xe €, and x = ry e r®(X, A), wherey ¢ O(X, 41),
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have image 0 under 8. Then 0 = d'ry = rdly = 8§ Ayy. Since O is closed, there exists z in
O(X, A% such that §°z = A,y. Hence

x=ry = N,y = 18 z.

So by commutativity x = §%z, which belongs to §%®(X, 4°). This now proves that
r@(X, A*) is exact at r®(X, 41); that is, that 7@ is right closed.

In proving (ii) we abbreviate > ©, to ®. We shall show that the f. class of ®-monomor-
reM

phisms satisfy axiom (e,) for h.f. classes; the proof that the ®-epimorphisms satisfy axiom (e,)
is quite similar. Let ae ®. Then a = a,+ ... +a, where 7,4, = 0 for certain r,, ..., 7, in M.
Since M is multiplicatively closed, there exists 7 in M such that ra = 0. Hence the condition
for ®-monomorphisms « and f§ to be ®-monomorphisms is that M contains elements 7,, 74
such that « is a right factor of 7, and / is a right factor of 7, (lemma 22-2 (i), (i1)). If fois
defined, it follows (using (19-1)) that it is a right factor of r47,; moreover, ® being closed,
fois a ®-monomorphism. Hence fa is a @rﬁ ,.-monomorphism. Since M is multiplicatively
closed 747, € M, so we conclude that fu is a ®-monomorphism and the ®-monomorphisms
satisfy axiom (e,) for h.f. classes.

ProrosiTioN 22:1. For any E-functor © and endomorphism r, r® is central in ©.
Proof. Each element u of 7®- ® has the form u = rx-y for x, y in ®. By (19-2)
u=rxy=2xry=xrye @70,
50 7@+ ® = @-r@. The opposite inclusion may be proved similarly.
Let Ext} (4, B) and d Ext! (4, B) denote the maximal torsion subgroup and the maximal
divisible subgroup of Ext! (4, B). Then Ext} and 4 Ext! are E-functors.
ProrosiTiON 22:2. Ext!, N nExt!, and d Ext! are closed E-functors.

n=1

Proof. The closure of Ext} and N n Ext! follow from theorem 22-1 with ® = Ext! and M

n=1
the set of positive integral multiples of the endomorphism 1. We use an idea of Fuchs’s to
prove that d Ext! is closed. For each ordinal number v define E-functors O® for 0 <u << v
by ©© = Ext!, @“+) = N nO® for 0 < u < v, and O®W = N O for limit ordinals u < v.

n>1 u'<u

By theorem 22-1 (i) and proposition 1-3 each of these E-functors is closed. Now for each
pair of objects 4, B there exists an ordinal v(4, B) such that ®®(4, B) = d Ext' (4, B) for
ordinals v > v(4, B). Let 0 > B> C > A4 — 0 represent an element of 4 Ext! (4, B) and
X be an object of €. Then exactness of d Ext! (X, B) -+ dExt! (X, C) — dExt! (X, 4) follows
from the closure of ®® provided we choose v > max (v(4, B), v(X, B), v(X, C), v(X, 4)).
Hence d Ext! is closed on the right, and a similar argument shows that it is also closed on
the left.

23. PROJECTIVES AND INJECTIVES FOR Ext}
Let 7 be an endomorphism of an abelian category € and Ext} be the E-functor defined
in § 22. We say that an object 4 is r-regular if 7, is an automorphism.
ProrosiTiON 23-1. (1) An r-regular object is projective and injective for Ext}.
(ii) If X is rR-trivial, then Ext} (X, ) = Ext! (X, ) and Ext}( ,X) = Ext!( , X).

28-2
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Proof. (1) If r, is an automorphism, so are Ext! (r,,1;) and Ext! (1,7,) for all objects
B in €. Hence r: Ext! (4, B) - Ext! (4, B) and r: Ext! (B, 4) — Ext! (B, 4) have trivial
kernels for all Bin €. So 4 is Extl-projective and Ext!-injective.

(ii) X is rR-trivial if and only if 7y = 0. If ry = 0, then r: Ext! (X, 4) - Ext! (X, 4) and
r: Ext! (4, X) - Ext! (4, X) are zero morphisms for each 4 in €.

We recall that a category € is hereditary if Ext? vanishes. In an hereditary category
sub-objects of projectives are projective and quotient objects of injectives are injective.

TueOREM 23-1. Let € be hereditary and have sufficient projectives. An object of € is projective
Sor Extl, where r € R, 1f and only if it is the direct sum of an r-regular object and a projective.

Proof. Proposition 231 (i) proves the direct implication.

Let P be projective for Ext! and 0 —~ X — ¥ -2 P — 0 be a projective representation of P.
For the principal ideal / = R, abbreviate the notation «;, %, 4;, A7 of §19 to «,, k", 4,, A.
Consider the epimorphism «"(P) 5: Y — Pr. Since P is rR-trivial it follows from proposition
23-1 (ii) that «"(P) 7y is an Extl-epimorphism. But P is Ext!-projective. So there exists a
morphism p in Hom (P, Y) such that «"(P) = «"(P) gp. Write Z for Imp and A: L — P for
ker p. Since € is hereditary and Y is projective, Z is projective. Hence A splits.

To complete the proof it suffices to show that L is r-regular. As in §19 the morphism A
induces functorially a morphism A7: L” — Pr for which Ak"(L) = «"(P) A. Since A = ker p,
the definition of p shows that «"(P) A = 0. So A’x"(L) = 0. Now A has a left inverse. Hence
A" is a monomorphism and «”(L) = 0. This implies that L*: 0 - L — L L2 L>0isan
exact sequence. The object L, is rR-trivial so by proposition 23-1 (ii) L* e E;t} (L,L,).
Since L is a direct summand of P, it is Ext!-projective. So L* splits and 7, has a right inverse.
By (19-1) this is also a left inverse. Thus 7, is an automorphism and L is r-regular.

This proof is adapted from the proof of Folgerung 3-2 in (Baer 1958). The statement of
theorem 23-1 remains valid on replacing projective by injective.

We finish this section with an example of a category with sufficient projectives and
injectives which has a closed E-functor without sufficient projectives or injectives. In
proposition 22:2 we showed that the torsion subgroup E-functor Ext} on any category is
closed. LetZand @ denotetheadditivegroupsofintegersand rational numbers,and 7'= Q/Z.
We prove that in the category of abelian groups Z has no Ext}-injective representation,
and 7 has no Ext}-projective representation.

Since Ext} = U Ext}, theorem 23-1 shows that Ext}-projectives are torsion free. The
n=1

injective form of theorem 23-1 shows that Ext}-injectives are divisible. So Z is not Ext!-
injective and T is not Ext}-projective. By lemma 22-2 the condition for a monomorphism
«: Z— D to be an Ext}-monomorphism is that « is a right factor of z1, for some positive
integer n. This is not possible if D is divisible, for then Hom (D,Z) = 0. So Z cannot
have an Ext}-injective representation. Since n7 4 0 for each positive integer n and
Hom (7, P) = 0 for torsion free P, a similar argument shows that 7" cannot have an Ext]-
projective representation.
24. HocuscHiLD E-FUuNcTORS

Let € be the category of left modules over aring R. Hochschild (1956) associated with each
subring of R a right and a left resolution of €. We shall determine the associated E-functors.
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Let R, be a subring of R and ¢, be the category of left R,-modules. We write F for the
functor from € to €, which converts R-modules to R;-modules by restriction of operators.
Also we consider two functors G, G': €, — € with values

GB = Hom, (R,B), G'B=R®,B. (24-1)
(In §§ 24 to 28 we write Hom, Hom,, ®, ®, etc., for Homy, Homy,, ®;, ®,, etc.).
Let Ae €and B e §,. Then well-known associativity formulae yield natural isomorphisms
w: Hom (4,GB) - Hom, (FA,B),
»': Hom (G'B, 4) - Hom, (B, FA)}
Hence F, G and F, G’ are pairs of adjoint functors and determine E-functors ® and ¥ on €.
Let A* be a simple extension of R-modules. By proposition 13-3 (i) 4* belongs to @ if
and only if F(89) has a left inverse. Similarly 4* belongs to ¥ if and only if F(8}) has a right
inverse. Since F is an exact functor both conditions are that FA* splits. So ® = ¥, and ®

may be described as the class of all simple extensions of R-modules which split over R,.

We call @ the Hochschild E-functor on € determined by R,.
The morphism g,: A - GFA defined in § 13 coincides here with the natural injection of
A into Hom, (R, A). By proposition 14-1 each R-module 4 has a ®-injective representation

0+ A % Hom, (R, 4) - Coker u, — 0.
Similarly each R-module has a ®-projective representation
0> Kere,~R®, 4% 40,

where ¢, is the natural projection. These representations are precisely the component simple
extensions of Hochschild’s ‘ canonical’ resolutions (Hochschild 1956, §2).
We shall write ¢’, €] for the category of right R-, Rj-modules. Then we have:
ProposiTION 24:1. (a) Let R be projective as a member of & . Then: (1) GF is exact; (ii) G'FP

is projective in € whenever P is projective in €.
(a') Let R be flat as a member of €. Then: (i) G'Fisexact; (ii) GFM is injective in € whenever

M is injective in €.

Proof. (a) (i) and (a)’ (i) are trivial consequences of (24:1). Let A* € Ext! and Pe G. By
(24-2) there are complex isomorphisms

Hom (G'FP, A*) % Hom, (FP, FA*) *> Hom (P, GFA¥).

Since GF is exact and P is projective, it follows that G'FP is projective.

A similar argument proves ()’ (ii).

CoroLrLARY. D is central in Ext! if R is projective in €, and flat in €.

Proof. Propositions 16-3 and 24-1.

Finally, writing @' for the Hochschild E-functor on €’ determined by R,, we note

ProposiTION 24:2. The functor @ on € x € is (¥, ®)-cobalanced.

Proof. If A* € ® and P is ®'-projective, we must show that P@A* is exact. Since P is
a direct factor of P® R it suffices to prove that (P® R)®A4* is exact. Since

(P®,R)®A* =~ P®,A*

and A* splits over R, this is obvious. Similarly, one proves that A*®P is exact whenever
A* e @ and P is O-projective.

(24-2)

28-3
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25. TuE HOCHSCHILD—SERRE SPECTRAL SEQUENCE

Let R be the integral group ring Z(G) of a group G and R, the integral group ring of a
subgroup G, of G. Following the notation of § 24 we write K, K for the classes of ®-pro-
jective, @'-projective resolutions of €, €'. Also we write K, K’ for the class of projective
resolutions of ¢, ¢'.

For A'e €', Ae €, we denote 4'®4 by T(A4’, A). From propositions 12-1, 24-2 there are
natural equivalences of functors:

KyT< (KgxKy) T— Ky T.

Next R = Z(G) is free as a left G;-module and a right G,-module. So by the corollary to
proposition 24-1 both ®and @’ are central. Then proposition 12-2 shows that K, 7" ( ~ TorZ@)
is (@', ®)-cobalanced for all n; and from theorem 12-2 there are canonical exact couple

isomorphisms (K K) T~ (Ky#K) T~ (Kj,K') T ~ (K% K') T. (25°1)
We shall show that if G, is a normal subgroup of G, then the spectral sequence associated

with the exact couple (K, K) T(4’, Z)—as usual G acts trivially on Z—is isomorphic to
the Hochschild—Serre spectral sequence (1953)

Hy(GGy; Hy (G5 ) = Hy (G5 A') (25-2)
of group homology theory, where H, (G; A") is defined to be KT(4',Z).

Assume that G, is normal in G and P, is a projective resolution of Z in the category of
left G/G,-modules. Let X be a K'-resolution of 4’. Cartan & Eilenberg (1956, chap. XVI,
884, 5, 6) prove that one spectral sequence on the double complex

My = X>IX<®G1Z®G/01P*
collapses to H, (G; 4’), and the other is (25-2). Now consider P, as a complex of G-modules
on which G, acts trivially. Hochschild (1956, § 6) showed that Py, so regarded, is a K-
resolution of Z. Furthermore M, is canonically isomorphic to X;®P, = T(Xg, Py). So
its non-collapsing exact couple is isomorphic to (Ky* K') T(4’, Z). Our assertionnow follows
from (25-1).

The groups K, T(4’, Z) of positive degree coincide with the positive degree homology
groups H, (G, G,; A") of G (mod G,), with coefficients in 4’, of Adamson (1954) and Hoch-
schild (1956). If G, = (1), then H, (G, G,; A") coincides with H (G5 A”). It has been proved
by Adamson (1954, theorem 3-2) that when G, has a subgroup G, normal in G,

Hy (G, G5 A') = Hy (GG, G[Gy; A'® Z(GG)).
We mention that this result follows from the observation that a resolution of Z by G/G,-
modules which splits as a G,/G,-complex, and whose components are projective over G/G,-
epimorphisms with G, /G,-inverses, is a K-resolution of Z when its components are regarded
as G-modules.

Similar results may be obtained for Hom and the Hochschild-Serre sequence for the
cohomology of a group.

26. Pairs or HocuscHILD E-FUNCTORS
Let R be aring and € be the category of left R-modules. Write ® and @ for the Hochschild
E-functors on € determined by a subring R, of R and a subring R, of R,. We shall obtain
sufficient conditions for @ to be central in 0.
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Write D(D’) for the category of left R- and right Ry~ (right R- and left Ry-) bimodules.
We shall have to consider the natural D-epimorphism

¢: R®,(R®,R) > R®, R (26:1)
which maps 7®,7'®, 7" to rr’®, 7", and the D’-epimorphism
¢': (R® R)®,R—-> R®, R (26-1")

which maps r® ;7' ®,7" to r®,#'7". With F, G, G’ as in § 24 we have:

ProposiTiON 26-1. (a) If € has a right D-inverse, then: (i) G'FP is ©-projective if P is ©-
projective; (i) GFA* € O if A* € ©.

(6) If ¢ has a right D'-inverse, then: (i) GFQ is @-injective if Q is O-injective; (ii) G'FA* € ®
if A% ¢ 0.

Proof. We prove only (a). The proof of () is similar. Since there are sufficient ®-projec-
tives of the form R®, B (Be {,), we can assume that P = R®, B. Let u be aright D-inverse
ofe. Then u®, 1 ,1s a right €-inverse of é®, 1 5. Thus R®, R®, B (i.e. G'F(R®, B)) isadirect
summand in € of R®, (R®,; R®,B). The latter is ®-projective. So G'F(R®,B) is ®-pro-
jective, and (i) is proved.

We now deduce (ii). Let Be §,, and 4* ¢ ®. By (24-1) and standard associativity for-
mulae, there exist complex isomorphisms

Hom, (B, GFA*) ~ Hom, (R®, B, FA*) ~ Hom, (R®, B, Hom (R, 4*))
: ~ Hom (G'F(R®, B), 4%).

Since 4* € ® and G'F(R®, B) is O-projective, the last sequence is exact. So the first sequence
is exact. Hence, since B may be any R,-module, GFA* splits as a sequence of R,-modules.
So GFA* € ©, and (ii) is proved.

From proposition 16-3 we deduce:

CoROLLARY. If ¢ has a right D-inverse and €' has a right D'-inverse, then @ s central in ©.

Let R, R,, R, be the integral group rings of a group G, a subgroup G, of G, and a subgroup
G, of G;. We shall construct a right D-inverse of ¢. There is a similar construction of a right
D’-inverse of ¢'.

Let G = U G,y,G, be a double coset decomposition of G (mod G, G,). Forie I, let
i€l
Gy = U (Gynyi'Giy;) 2

JeJi
be a left coset decomposition of G, (mod G, y;71G,y;). Then each element of G has exactly
one representation in the form

XY,z where x,e€Gy, iel, jeJ.

Now R = Z(G) is a free left G;-module on a set of left coset representatives of G (mod G,).
Hence R®, R is a free abelian group with the elements

x*®,y;z; (xe G, iel jeJ)
as a free basis. The abelian group homomorphism
U: R® R—+ R®, R® R
defined by H(x®1Y;2;5) = 2y, @,y ®, ¥,
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1s a right inverse of e. Also it is clearly a left R-module homomorphism, so to show that it is
a right D-inverse it suffices to verify that for » in G,

ﬂ(x®1yizij u) = :u(x®lyizij) u.

To do this, write z;;u = vz, where ke J; and ve Gyn y;71 Gy, Let w be the element of G,
for which » = y; 'wy,. Then we have

#(x®,Y,zu) = p(XW®, Y;2y) == XWY; @Y7 ' ® 1 Y;Zyy,
and it is easy to verify that the last expression is x(*®, ¥,z;;) u.

It is a consequence of this result that the isomorphisms of exact couples in (25-1) remain
valid when KX is replaced by K,.

27. ON E-FUNCTORS WITH EXPONENTS
An exponent of an E-functor ® on a category € is defined to be an endomorphism 7 == 0 of
E such that 7® = 0. In this section we assume that ® has sufficient injectives, so that the
®-injective resolutions form a right resolution K, of .

ProrosrTioN 27-1. Let r be an exponent of ©. Then X* in K, admits a family {0"},-, of mor-
phisms g7: X" — X1 such that

ot 0o = for n>= 1.

Proof. As in §3 write 0% = #&41y%+! where #%: X* — X is the kernel of §%. In this proof
we shall omit the suffix ‘ X’. The simple extension

Yn L xn 1L Yt
0—->Xr5 X L -0

belongs to . Since 7® = 0 it follows from lemma 22-2 that there are morphisms 7: X — Xn
and »*: X7*1 — X" such that

oyt = 7, nt+lpn . p and nit |y n+l — gy, 27-1
1 / JZ 1

We determine the ¢” inductively, together with morphisms 7#: X**! > X" related to the

0" by the formulae
0’"/,{" — pn-1 r,ﬂn~17-n~l for n > 1’ (27'2)

por =t for n 1. (273

Let 7° = 0. Since X° is ®-injective and #!' is a ®-monomorphism, 1° extends to a mor-
phism ¢': X' > X° satisfying (27-2) for n = 1. From (27-1) we obtain 7'u! = r = g9,
and from (27-2) with n = 1, g° = yl¢'y!. Hence (a'—gy'o?!) u! = 0. Since coker u! = 52
we now choose 7! to satisty (27-3) with n = 1.

Now let n be greater than 1 and suppose that o™, 7 (m = 0,1, ...,n—1) satisfy (27-2)
and (27-3). Since v*~1+4 =171 belongs to Hom (X7, X*~1), X*~1 is ®-injective, and " is
a ®-monomorphism, there exists ¢”: X" — X"+ satisfying (27-2). As for 7! it follows from
(27-1), (27-2), and coker y* = 5**1, that there is a morphism 7" satisfying (27-3). So the
existence of ¢”, 7 satisfying (27-2), (27-3) may be proved by induction.

Finally we obtain the formula ¢"*!167+4§7~1¢" = 7, for n = 1, by eliminating »", 7" from
(27-2), (27-3), and the third formula of (27-1).
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Let 7" = ry, for n > 0. Since r is an endomorphism of €, r* is a complex morphism
covering rz.. Let 7: €— D be a covariant functor. Then it follows from the proposition that
Kz T(rz) = 0, K, T(rge) = 0, K2 T'(rgz0) = 0 for all n > 0. We state this result as:

THEOREM 27-1. If © has sufficient injectives and an exponent r and of T is an additive functor
on &, then in positive degrees

R,T(r)=0, K,T(r) =0, K,T(r)=0,
where K, T'(r) ts the natural transformation of K, T into itself with values K, T (r,), etc.

For the remainder of this section we assume that ® has sufficient injectives and an
exponent 7, and that s, ¢ are a pair of endomorphisms of € such that

rdivides st and s+t=1.

So s, ¢t behave as orthogonal idempotents, modulo 7; and ® decomposes into the ‘direct
sum’ of E-functors @, ¥" (with exponents ¢ and s) defined by

D =s50=0nExt] and W =10 = 0n Ext!. (27-4)
For later reference note that
sx =x for xe ® and ty=y for ye V. (27-5)

Because of the symmetry in the definitions of @ and W' we can interchange their roles in the
following results if at the same time we interchange s and .

We show that ® and ¥ have sufficient injectives, and the positive degree components of
K,T, K, T and K, T ‘inherit’ the decomposition ®®¥" of O.

ProrposiTION 27-2. Let X* be a Kyresolution of an object A. Then there exist a ®D-injective
resolution Y * of A, and a complex morphism 5% : X* — Y* covering s,,.

Proof. We use the notation of proposition 27-1 with X° = 4, and write " for the image
in ® of 0 - X" — X» — X+l — 0. Let y” = sx". We shall prove that any simple extension

0> Xt Yn s Xrtl 5 0

with image y” in © is a ®-injective representation of X». The required resolution Y* is
obtained by splicing them together.

By (27-4) y"e ®. So it suffices to prove that ¥ is ®-injective. Let Be . Since y* = sx”,
lemma 22-1 shows that there is a factorization of sy, through X”. So there is a factorization
of O(1,,sy.) through ®(B, X*). But the latter vanishes, since ® = ® and X" is a O-injective.
So ®(1,,sy.) vanishes. By (27-5) this is the identity on ®(B, Y"). So ®(B, Y") vanishes.
Since B is arbitrary, Y is ®-injective.

Finally we construct s*. Since sy” = y" and y» = sx", it follows that sx* = y"s. So there
exists a morphism 5" of X" into ¥” making the diagram

0—X"—> Xn—> Xrtl 0
sy ") sy
0—>Xr—>Yr— Xrtl 50

commutative. The morphisms 5% 5!, ... are the components of the required complex
morphism 5*.
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In particular this proposition shows that the ®-injective resolutions form a resolution
K of the category. Let T be a covariant functor on §. Since ® = O there is a 7-trans-
formation . KyT-> Ky T,
and there are similar transformations for the satellites and cosatellites.

'THEOREM 27-2. For n > 0 there exist natural transformations wy : Ki'T'— K3 T such that
(a) 1gmy = K§T(s); (b) myry = KGT(1). (27-6)
Proof. Let X* be a K resolution of an object of €. By proposition 27-2 there exist a
®-injective resolution Y* of 4 and a complex morphism §*: X* — ¥* covering s,. Let
m3(A4) be the morphism of Kj 7'4 into Kj T4 induced by 5*. Since Ky <K, there exists
a complex morphism a* of ¥* into X* covering 1, and it induces the value 7} (4) of 75 on 4.

The morphisms a*s* and 5*a* both cover s, so

73(4) mg(A) = K5 T(s,)

and my(4) 7y (A4) = K3 T(sy)-
As nis positive, theorem 27-1 shows that K% 7'(¢,) = 0. Since s+ = 1 the second formula
R iy (4) i (4) = K3 T(1,).

It follows that 7%(4) is a monomorphism and 7% (4) is an epimorphism. Hence the factoriza-
tion of K7 7T'(s,) shows that 7(4) = coim K 7'(s,). Thus nj(4) is the value of a natural
transformation 7f, and 7y is determined by (27-64) as coim K 7'(s).

THEOREM 27-3. For n > 0 there is a natural decomposition
K;T =~ KiTo Ky T,
and 17 induces an isomorphism K T' = Im K§ T7(s).
Proof. From (27-6) (a) and (27-6,,) (a)
Tgmg Ty, = KG T(s) +KGT(1) = K T(1), (27-7)

and with (27-6,) (b) and (27-6,) (b) this proves the first statement. Since 7} is an epi-
morphism, the second statement follows from (27-64) (a).
By similar methods we can obtain decompositions

0T = gnTey*T and K;T = K3 TeR;T for n>o.
Since K2 T ~ 6"K{) T, the first of these shows that
KiT ~0"KyT ~ ¢"K) Toy"K)T.
With theorem 27-3 this shows that there are isomorphisms
¢"KyT = ¢"K§T and §"KyT = y"K§T for n>0. (27-8)

We can obtain a similar result for the cosatellites.

We conclude this section by determining some of the terms in the exact couple (K, Ky) 7.
Let p and ¢ be positive integers. By (7-9) and (7-10), K, K¢ T = 0. So theorem 27-3 shows
that K4 K9 T = 0, and with theorem 5-1 this yields

B4i(Ky Ky) T = 0.
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Again theorem 27-3 shows that
PPKET = pPKE TopPKY T

The first term on the right-hand side is isomorphic to K4*¢ 7. Since ® has exponent ¢ and
¥ has exponent s, the second term, by theorem 27-1, has $#?K¢ T(s) and ¢2K4 T'(¢) as ex-
ponents. Since s+ ¢ = 1, it vanishes. So from theorem 5-2

Co2(Ky, Ky) T =~ K44 T.

From proposition 11-2 with £ = 0 the component of K} 7" with filtration p is the image of
¢?Kp~» T in Ki T induced by a 7-transformation. When n > p, ¢#K3~# T is K3 T by what
has just been proved, and ¢"K§ T"is K} T by (27-8). So the component of Kj 7" with filtration
¢ is the image of K3 7" under 3.

28. SUBGROUPS OF FINITE INDEX
Let G, be a subgroup of a group G, G, a subgroup of G}, R, R,, R, the integral group rings
of G, G,, G,, and @, O the Hochschild E-functors on the category € of left G-modules
determined by R,, R,. In §26 we showed that @ is central in ®. Throughout this section
we assume that G, has finite index % in G, and G, has finite index £ in G.
Let xy, ..., x, be a set of right coset representatives of (;; (mod G,). For G-modules 4 and
B, Eckmann (1953) defined the ‘transfer’ homomorphism

7: Hom, (4, B) - Hom, (4, B)

h
by the formula 7(a): a— Y xa(x7la) (ae 4, ae Hom, (4, B)).
=1

The transfer is natural and independent of the choice of coset representatives. In addition
7(af) = ar(f) for ae Hom,(4,B), fe Hom2(C,A);}
7(af) =1(a)f for ae Hom,(4,B), fe Hom, (C, 4).
ProposrTioN 28:1. @ > hO.

Proof. Letae ® and 4* be a simple extension of G-modules with image a. The condition
for A* e O is that it splits over G,. So 8} has a right inverse « in Hom, (42, 4!). Using (28-1)

we deduce that 3{;1(0‘) — T(é\}‘d,) - 7(1A2) — }llAz-

(28-1)

Hence d}, in the category of G|-modules, is a left factor of the endomorphism 4. It follows
from lemma 22-2 that a simple extension of G-modules with image /a in ® must split over
G,. Hence ha e @, as required.

If G, = G, then % is the index [G: G,] of G, in G and ® = 0. Hence we have

CororrLarY. O has an exponent [G: G,].

Theorem 27-1 now shows, in particular, that the relative homology groups H,(G, G,; A")
have exponent [G: G,] for all n > 0.

We now assume that £ and & are coprime integers. Let s and ¢ be multiples of 4 and £ such
that s+¢ = 1. Since ® has an exponent [G: G,] = ik and ® has an exponent [G: G,] = £,
st is an exponent of ® and ¢ is an exponent of ®. With proposition 28-1 this shows that
50 > @ > 10, and hence s® = ® = /0. So we can apply the theory of the preceding section
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to @. Suppose that 7'is a functor with values in a category of abelian groups. Then K% T(s,)
is multiplication of the abelian group K% T'(4) by the integer s. So Im K% T'(s,) = sKz T'(4).
From theorem 27-1 K% T(A) has exponent 2k when n > 1. Hence Im K% T'(s,) = AK} T(4).
So it follows from theorem 27-3 that 7% induces natural isomorphisms

Ky T(4) = hK; T(4) (n>1).

Since £ and £ are coprime the right side is the subgroup of elements in K3 7(4) with orders
which divide £.

We apply this to relate the homology groups H,(G,G,; A’) and H,(G,G,; A’). These
groups are computed from projective resolutions of G-modules so we must interchange
7and 7 in (27-6,4) and (27-7). The result is:

TraEOREM 28:1. If |G: G| and [G,: G, are coprime, the T-transformation
H,(G, Gy A') > H,(G,Gy; 4) (n>1)

maps the subgroup of elements of H,(G,Gy; A") with orders which divide [G: G,] tsomorphically
onto H,(G,G; A").
When G, is the trivial subgroup, H,(G, G,; A") = H,(G; A"). Hence:

Cororrary. If G, is a subgroup of a finite group G with index coprime to its order,
then H,(G,G,; A’) is isomorphic to the subgroup of elements of H,(G; A") with orders
dividing [G: G,] for all n > 1.
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